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ABSTRACT
The Cosmic Microwave Background (CMB) has provided precise information on
the evolution of the Universe and the current cosmological paradigm. The CMB has
not yet provided definitive information on the origin and strength of any primordial
magnetic fields or how they affect the presence of magnetic fields observed throughout
the cosmos. This method searches for Faraday Rotation (FR) and specifically uses
polarized CMB photons as back-light to cross-correlate with pre-existing rotation
measure (RM) maps. This cross-correlation is an alternative approach compared to
many optimal single- and multi-frequency power spectrum estimators. I find that
current generation CMB experiments may be not sensitive enough to detect FR but
next generation experiments should be able to make highly significant detections.
Identifying FR with the CMB will provide information on the component of magnetic
fields along the line of sight of observation.
The 21cm emission from the hyperfine splitting of neutral Hydrogen in the early
universe is predicted to provide precise information about the formation and evolution
of cosmic structure, complementing the wealth of knowledge gained from the CMB.
21cm cosmology is a relatively new field, and precise measurements of the Epoch
of Reionization (EoR) have not yet been achieved. In this work I present 2σ upper
limits on the power spectrum of 21cm fluctuations (∆2(k)) probed at the cosmological
wave number k from the Donald C. Backer Precision Array for Probing the Epoch of
Reionization (PAPER) 64 element deployment. I find upper limits on ∆2(k) in the
range 0.3 < k < 0.6h Mpc−1 to be (650 mK)2, (450 mK)2, (390 mK)2, (250 mK)2, (280
mK)2, (250 mK)2 at redshifts z = 10.87, 9.93, 8.91, 8.37, 8.13, and 7.48 respectively.
Building on the power spectrum analysis, I identify a major limiting factor in
detecting the 21cm power spectrum. This work is concluded by outlining a metric to
i
evaluate the predisposition of redshifted 21cm interferometers to foreground contami-
nation in power spectrum estimation. This will help inform the construction of future
arrays and enable high fidelity imaging and cross-correlation analysis with other high
redshift cosmic probes like the CMB and other upcoming all sky surveys. I find future
arrays with uniform (u, v) coverage and small spectral evolution of their response in
the (u, v, f) cube can minimize foreground leakage while pursuing 21cm imaging.
ii
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PREFACE
This dissertation is the collection of works done and on going research towards
the advancement of understanding cosmic evolution. My experiences have varied
from studying the imprint of large scale magnetic fields on the cosmic microwave
background (CMB) to searching for the 21cm line emitted by neutral Hydrogen to
probe structure formation and the universal transition from neutral to ionized gas
known as the Epoch of Reionization (EoR). The knowledge and comsic evolution
probed by these phenomena span from the very beginning of the universe up to through
the first Gyr of cosmic history. The interactions of matter and energy during this
relatively short period formed the basis for information impacted onto the distribution
and statistical properties of galaxies we observe today.
My research is presented in cosmological chronological order.
The work begins with a study of a new technique which measures the Faraday
Rotation (FR) in CMB photons propagating through the plasmas of the early universe
and those created in our own Galaxy1. Detecting and characterizing Faraday Rotation
would probe the structure of cosmic magnetic fields oriented along the light of sight
towards the observer. Previous studies have focused on an estimator based on the
polarized power spectrum, but in this work I investigate how Faraday Rotation
manifests in map space and searches for correlations between different polarized
maps. A new cross-correlation estimator is introduced and the prospect of detecting
Galactic Faraday Rotation for current CMB experiments is discussed. Due to the
small amplitude of the Faraday Rotation signal, it is expected that this correlation
1This chapter comes from a published work: Kolopanis, M., P. Masukopf and J. Bowmann
"Detectability of Galactic Faraday Rotation in multiwavelength CMB observations", MNRAS473,
4795-4804 (2018).
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should be weakly detectable by next generation arrays and a strong detection should
be possible by a telescope like the CMB-S4 (a next generation all sky CMB experiment
expecting high sensitivity and high spatial resolution).
The focus of this document then moves forward in cosmic time. No longer studying
the CMB photons from the early universe but instead on the 21cm photons emitted
from neutral Hydrogen after recombination. Traveling over vast cosmic distances,
these photons are redshifted to meter wavelengths as observed from Earth. The radio
telescopes built to search for these photons and the spatial and spectral fluctuations
of their signal (similar to CMB anisotropies) are commonly interferometers. One
such radio interferometer focused on in this work is the Donald C. Backer Precision
Array for Probing the Epoch of Reionization (PAPER). Detecting the power spectrum
from reionization would help constrain the types of luminous bodies which caused the
pervasive neutral Hydrogen to globally re-ionize for the first time since recombination.
The latest upper limits on the power spectrum from reionization from PAPER across
multiple redshift bands is the next chapter of this work.
One lesson learned from current generation experiments is the array design (both
the antenna placement and shape of the primary beam) strongly influences how
foregrounds mix with the cosmological background. Looking to the future, arrays
designed to image the epoch of reionization must achieve a high dynamic range of
foreground isolation to properly disentangle the two signals. The last work presented
here outlines a method used to quantify the amount of inherent contamination in
power spectrum estimation for a given array configuration. Minimizing inherent
foreground contamination eases the analytical challenges associated with detecting
the power spectrum from the EoR, making maps of the evolution of neutral Hydrogen,
and enables cross correlation with other surveys at high redshifts.
xiv
Chapter 1
INTRODUCTION
How complex cosmic structure emerges from the mostly uniform and smooth
distribution of matter and energy after the Big Bang is one of the most exciting and
difficult questions to answer in cosmology and astrophysics. The precise study of the
Cosmic Microwave Background (CMB) over the past 50 years has been a powerful
tool to help answer this question. The small density fluctuations which seeded the
gravitational collapse of cosmic hydrogen to form these structures, and the effects of
evolving cosmic structure, are imprinted on CMB photons.
Continued studies of the CMB are hoping to shed further light on both the intricate
physics occurring during the first moments of the universe and the small perturbations
in the CMB from interactions with cosmic structures. These photons, however, cannot
be the only tool used to study the evolution of the universe since they provide almost
no information on the times between recombination and reionization.
The 21cm emission from the hyperfine splitting of hydrogen provides a unique
perspective on structure formation, especially near the end of the cosmic dark ages
when the Epoch of Reionization (EoR) occurred. This radiation is predicted to exist
even during the cosmic dark ages as an absorption signal After decoupling from the
CMB, cosmic hydrogen is predicted to absorb 21cm photos during the cosmic dark
ages; allowing for the study of a large volume of space-time even before the 21cm
signal moves into emission.
1
1.1 The Cosmic Microwave Background
1.1.1 Physics of the CMB
The small scale density fluctuations on the mostly uniform structure of the CMB
are known as anisotropies. CMB anisotropies can be categorized into one of two
groups: primary and secondary anisotropies. A primary anisotropy refers to a physical
interaction happening at or before the surface of last scattering. The surface of last
scattering is the time when photons decouple from baryonic matter and neutral atoms
form. Conversely, secondary anisotropies are any interaction which occurs to a CMB
photon between the surface of last scattering and when it is observed.
The study of primary anisotropies provides insights on the primordial state of the
universe; defining the current cosmological paradigm.
Compton Scattering couples photons and baryons in the early universe (before
recombination; z > 1100) into what is often referred to as a photon-baryon fluid (Hu,
1996). An in depth discussion of the dynamics of this fluid is found in Hu 1996, Hu
and White 1997b. Here we provide and overview of the some of the major interactions
in the photon-baryon fluid resulting in its characteristic shape and polarization of the
CMB photons.
1.1.1.1 Baryon Acoustic Oscillations
The short time between individual Compton scatter events corresponds to an
optically thick universe and is exploited in Hu 1996, Peebles and Yu 1970 and Hu and
2
Sugiyama 1994 in order to write the equation of motion of the temperature of the
photons to first order as:
d
dη
(1 +R)Θ˙0 +
k2
3
Θ0 = −k
2
3
(1 +R)Ψ− d
dη
(1 +R)Φ˙ (1.1)
Where η in the conformal time, and dots correspond to derivatives with respect to
η. Θ0 is the isotropic temperature fluctuation, Ψ is the gravitational potential, Φ is
the potential of perturbative space curvature, R is the ratio of the the photon and
baryon momenta, and k corresponds to a Fourier mode.
This equation can again be approximated by ignoring the time dependence of the
two potentials and the momentum ratio R, and defining the sound speed in the fluid
as cs = 1√
3(1+R)
:
Θ¨0 + k
2c2sΘ0 = −
1
3
k2Ψ (1.2)
This is a simple harmonic oscillator with a gravitational driving term. The
gravitational potential is dominated by the contribution from dark matter. As a result,
these spherical harmonic oscillators coalesce around dark matter over-densities. The
initial condition Θ˙0(0) = 0 is attributed to lockout of spatial modes during inflation.
The first order solution to the temperature fluctuations are then:
Θ0(η) ∼ (Θ0(0) + (1 +R)Ψ) cos (kcsη)− (1 +R)Ψ (1.3)
It is convenient to define the effective (observed) temperature field, Θ + Ψ. It is the
cumulative effect of the temperature perturbations and any gravitational Doppler
shifts on the photons. The observed temperature can be written:
[Θ0 + (1 +R)Ψ] (η) ∼ (Θ0(0) + (1 +R)Ψ) cos (kcsη) (1.4)
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Figure 1: Visual representation of Baryon Acoustic Oscillations. Image adapted from
Hu (1996).
While the approximation of static potentials only holds in regimes where non-
relativistic matter dominates the equation of state (Hu, 1996), this gives an intuitive,
first order understanding of the motion of the photon-baryon fluid. Gravitational
over-densities drives the fluid to collapse and photon pressure acts as a restorative
force on the fluid. The combination of these effects is an oscillator. Figure 1 provides
a visual representation of this effect as seen in Hu (1996).
The resonances of these oscillations are imprinted in CMB during recombination
on size scales θ ∼ λ/D(z) where D(z) corresponds to the comoving distance from the
observer to redshift z, and λ refers to the wavelength of the inhomogeneity of the
temperature field Θ0. This relation also holds in Fourier space: ` ∼ D(z)k. Following
the work of Hu (1996), the size can be approximated in the regime assumed above.
Determining where local maxima and minima in the observed temperature occur
is the crucial step in finding the angular size of these features. These extrema in
Equation 1.4 coincide with the extrema of the cosine term, namely kn = npi/s∗. Here
n is an integer and s∗ = η∗/
√
3 is the distance sound can travel by recombination.
The distance to recombination: D(z∗) or D∗ = η0− η∗ ≈ η0 where η0 = η(z = 0). In a
flat matter dominated universe, η ≈ (1 + z)−1/2. The corresponding size scale is then:
`n ≈ η0n
√
3pi
η∗
∼ npi
√
3
√
1 + z∗ (1.5)
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Recombination occurs near z∗ ∼ 1100, this corresponds to `1 ≈ 200 for the first
spectral peak in Fourier space (`n=1) or 2◦ on the sky. These approximations are
validated by observing the first acoustic peak in seen in Figure 5 does indeed occur at
` ≈ 200.
1.1.1.2 Thompson Scattering and Damping
In regions of the photon-baryon fluid where the universe can become optically
thin, it is possible for "slippage of photons past baryons" to occur (Hu, 1996, Hu
and White, 1997a). This "slippage" dissipates some of the primordial fluctuations
at small angular scales and results from a shear viscosity and heat conduction in the
photon-baryon fluid (Weinberg, 1971).
The exact form of the damping can be found in Hu (1996), where it is shown that
the oscillations are dampened by a factor e−k
2 τ˙
η . Here the differential optical depth:
τ˙ = neσTa, where ne is the electron number density, σT the Thompson Scattering
cross-section, and a is the scale factor.
The photons in this optically thin region, and also where a temperature quadrapole
anisotropy exists, can undergo Thompson scattering to result in a net linear polarization
(Hu and White, 1997a, Kosowsky, 1999). A graphic representation of this effect is
shown in Figure 2. The quadrapole temperature anisotropy originates from gradients
in the photon fluid velocity and the resulting Thompson Scattering actually acts to
destroy this gradient (Hu and White, 1997a,b). The combined effects result in a
net linear polarization at a level of 10% compared to the scale of the temperature
fluctuations Hu and White (1997a).
As discussed in Hu and White (1997a), the scalar temperature perturbations
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Figure 2: An illustration of linear polarization resulting from Thompson Scattering
in a quadrapolar anisotropy. Thick and thin lines represent hot and cold radiation,
respectively. Image adapted from Hu and White (1997a)
resulting in Thompson scattering create predominantly E-mode polarization. E-mode
polarization is defined as a pattern whose spherical harmonic decomposition have
parity (−1)`. This is discussed further in Appendix A
For an extended analysis of primordial perturbations and primary anisotropies
refer to Hu (1996), Hu and White (1997a,b), Hu and Dodelson (2002).
1.1.1.3 Secondary Anisotropies
As stated above, secondary anisotropies are the results of interactions CMB photons
have with cosmic structure between when they decouple during recombination and
when they are observed at the present day.
The dedicated study of these foreground interactions can provide knowledge on
the evolution of the gravitational fields of structure through lensing (Blanchard and
Schneider, 1987) and the Integrated Sachs-Wolfe effect (Sachs and Wolfe, 1967).
6
Figure 3: FIRAS data of CMB blackbody spectrum. Data deviates from model by
less than 0.03%. Note error bars are 400σ (Mather et al., 1994). Figure courtesy of
Edward Wright (UCLA).
Properties of ionized regions (temperature, bulk velocity, etc) can also be discerned
from studying interactions like the Sunyaev-Zeldovich effect (Sunyaev and Zeldovich,
1972).
Large scale ionized regions can even create a second source of polarized photons
in the CMB. The combination of the Doppler effect and an additional quadrapole
anisotropies in CMB photons from locally hot and cold regions enter ionized areas
(Hu and White, 1997a, Hu, 2000). This is most prominent during the Epoch of
Reioinzation (EoR) when the intergalactic medium ionizes for the first time since
recombination (Reichardt, 2015, Blanchard and Schneider, 1987)
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1.1.2 CMB Detection History
Having developed some background on the physics of the CMB and how it interacts
with cosmic structure through magnetic fields, we turn our attention to the major
developments in its detection.
The initial flight of COBE in 1994 provided the first detection of anisotropies at a
scale of 10−5 in the CMB. It also detected the CMB as a near perfect black body at a
temperature of 2.726± .010 K with a 95% confidence level (Mather et al., 1994). The
CMB flux as a function of wavelength as observed by the COBE FIRAS instrument
is shown in Figure 3. Note in this figure, the data is show with 400σ errorbars and
deviates from the model of a blackbody by less than 0.03%.
After this detection by COBE, multiple ground and balloon based experiments
began attempting to precisely characterize the anisotropies in the CMB power spectrum.
These experiments include but are not limited to: DASI (Halverson et al., 2002),
MAXIMA (Hanany et al., 2000), BOOMERANG (de Bernardis et al., 2000), CBI
(Padin et al., 2001), and Archeops (Benoit et al., 2003).
Many experiments presented limits on the acoustic peaks in the CMB power
spectrum, but the first major agreement between experiments on the amplitude and
position of the first peak occurred near 2002 from the findings of DASI, BOOMERANG,
MAXIMA, and the CBI. The findings from these experiments is illustrated in Figure 4.
Errorbars denote 1σ uncertainty in this image.
Our understanding of the CMB continues to improve as more precise all sky maps
are created by WMAP as recently as 2013 (Bennett et al., 2013) and the PLANCK
satellite beginning in the same year and as recently as 2015 (Planck Collaboration
et al., 2016a). These all sky maps provide a wealth of information for the large scale
8
Figure 4: Detections of the CMB angular power spectrum from DASI, BOOMERING,
MAXIMA, CBI and COBE. These detections are the first to show good agreement
on the position and amplitude of the first angular peaks. Errorbars represent 1σ
uncertainty. Image adapted from Stompor et al. (2001), Lee et al. (2001)
anisotropies (low `) of the CMB, while ground based telescopes continue to gather
information on the extremely small scale (high `) structure.
The current cosmological paradigm is reviewed in detail in (Planck Collaboration
et al., 2016e). Here we provide an overview of the current paradigm and its as seen
through PLANCK. The best fit models of the CMB include a universe dominated by a
cosmological constant (Λ) and whose matter consists primarily of non-interacting (cold)
dark matter. The so called standard ΛCDM cosmological model fit to PLANCK 2015
data is displayed in Figure 5 and the polarization power spectrum and temperature-
polarization cross power spectrum are displayed in Figure 6.
The expansion of the universe, according to the laws of general relativity, is
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expressed dynamically in terms of the scale factor, a(t), which is set to 1 at present
day. The Hubble constant, H0 = 100h km sec−1 Mpc−1, describes the rate at which
space is currently expanding with h ≈ .67. The curvature of the universe depends on
whether the total density is less than ( positive curvature; open universe), equal to
(no curvature, flat universe), or greater than (negative curvature; closed universe) the
critical density, ρc = 1.88h2 × 10−29gcm−3 (Hu and Dodelson, 2002).
Different components of the universe are generally described in units of the critical
density and defined as Ωi for the ith component. The standard components used
in models consist of: radiation Ωr, barionic matter Ωb, cold dark matter Ωc, the
cosmological constant ΩΛ. From these components, the total matter component is
defined as Ωm = Ωc + Ωb and the spatial curvature as: Ωk ≡ 1−
∑
i Ωi.
Other parameters fit by the standard cosmological model include: the scale of the
Baryon Acoustic Oscillations θMC , the optical depth to reionziation τ , the amplitude
of matter fluctuations over 8 h−1 Mpc scales σ8, the amplitude of the primordial power
spectrum As, and the power law of initial density perturbations ns.
While some parameters can only be fit degenerately with strictly CMB data (Ωih2,
As and τ , etc), it is possible to break these degeneracies with help from surveys of
galaxies, and supernovae. The best fit cosmological parameters from PLANCK can
be found in Table 1.
1.1.3 Current CMB results
The era of precision cosmology with the CMB is possible with the increasingly
sensitive maps of the temperature and polarization signals collected by current and
future microwave telescopes like PLANCK (Planck Collaboration et al., 2016a), the
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Parameter Planck Fit
Ωbh
2 . . . . . .02225 ± 0.00016
Ωch
2 . . . . . 0.1198 ± 0.0015
100θMC . . 1.04077 ± 0.00032
τ . . . . . . . . . 0.079 ± 0.017
ln(1010As) 3.094 ± 0.034
ns . . . . . . . . 0.9645 ± 0.0049
h . . . . . . . . . .6727 ± .0066
Ωm . . . . . . . 0.3156 ± .0091
σ8 . . . . . . . . 0.832 ± 0.0013
109Ase
−2τ 1.882 ± 0.012
Table 1: Best fit cosmological parameters from PLANCK. The fit parameters are taken
from the whole likelihood (TT+TE+EE+lowP) fitting from Planck Collaboration
et al. (2016e).
Wilkinson Microwave Anisotropy Probe (WMAP; Bennett et al. 2013), The South
Pole Telescope (SPT; Benson et al. 2014), BICEP/KECK (Ahmed et al., 2014), The
Atacama Cosmology Telescope (ACT; Calabrese et al. 2014), and SPIDER (Fraisse
et al., 2013). Analysis of these signals provides increasingly confident constraints on
cosmological models, and insights on the origins and evolution of the universe.
Continuing advances to hardware and analysis techniques has enabled CMB
experiments to push to towards the detection of lower powered signals. Recent cross
correlation between CMB maps and galaxy lensing surveys have detected B-mode
polarization in the CMB from gravitational lensing (van Engelen et al., 2015, Hanson
et al., 2013).
Increased sensitivity also requires a better understanding of foregrounds when
performing autocorrelations with a single telescope. The analysis and detection of
B-Mode signal in BICEP2 and Keck Array Collaborations et al. (2015) from BICEP2,
while appearing genuine with their analysis and tests, was later found to be the result
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of polarized dust emission during a joint analysis of BICEP2 and PLANCK data
(BICEP2/Keck and Planck Collaborations et al., 2015).
The CMB continues to be a powerful tool to investigate and understand the
Universe. The formation and evolution of cosmic magnetic fields, however, is not as
easily probed by studying CMB anisotropies. The predicted small magnitude (Planck
Collaboration et al., 2016d) and angular power (Kosowsky et al., 2005) of primordial
magnetic fields require extremely precise measurements of CMB polarization or the
correlation of the CMB with other probes of magnetic fields.
1.1.4 Cosmic Magnetic Fields and Faraday Rotation
Polarized photons propagating through non-relativistic plasmas with magnetic
field components oriented along the direction of propagation will undergo a rotation
of the linear polarization angle
θ(nˆ) = λ2αRM(nˆ) =
3
16pi2e
λ2
∫
τ˙B · dl (1.6)
where αRM is the Faraday Rotation measure, a measure of the amount of rotation
undergone by a photon of wavelength λ, nˆ is the direction along the line of sight, e is
the charge of an electron, τ˙ is the differential optical depth, and B is the comoving
magnetic field integrated along the comoving length dl along the trajectory of the
photon (De et al., 2013).
Faraday Rotation of CMB photons can cause detectable effects where large mag-
netic fields exist or where small magnetic fields are coherent over extended cosmic
distances(De et al., 2013). For very large magnetic fields, or incoherent magnetic
fields near cosmic structure, Faraday Rotation can also cause depolarization of CMB
photons (Scóccola et al., 2004).
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The study of Faraday Rotation can be effective in providing insights on primordial
and cosmic magnetic fields. Using the CMB, a pervasive polarized source of photons,
as a backlight to construct estimators of Faraday Rotation will provide insights on
the cosmic magnetic fields oriented along the direction towards the surface of last
scattering.
The exact mathematical formalism of the changes to the CMB photons from FR,
both in image and Fourier domains, can be found in Kosowsky and Loeb (1996),
Kosowsky et al. (2005), Gluscevic et al. (2009) and is reviewed briefly in Appendix B.
To summarize briefly, FR manifests in Fourier space as a convolution of the polarized
E- and B-modes with the αRM modes. This convolution also causes some E-modes to
transform into B-modes and vice versa.
This transfer of power from E-mode to B-mode induces a non-zero EB and TB
correlation since primordial T and E are correlated through baryon acoustic oscillations
and Thompson scattering (De et al., 2013).
With the known mixing of E- and B-modes, estimators of the power spectrum of
Faraday Rotation can be created by considering the cross correlations of T, E, and B
modes using both a single frequency and multi-frequency power spectra (De et al.,
2013, Pogosian, 2014).
Recent results place upper limits on primordial Faraday Rotation at levels com-
parable to know Galactic FR. Disentangling the two contributions is necessary in
order to aid further FR studies. This is illustrated in Figure 7. The proper study and
characterization of cosmic and primordial magnetic fields and the constraints set by
current and future CMB experiments (Planck Collaboration et al., 2016d) are integral
in answering these questions.
The origins of cosmological magnetic fields, however, are not well known. Many
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contributions. Image from Planck Collaboration et al. (2016d)
theories have been speculated as to the origin of primordial magnetic fields (e.g.
Vachaspati (1991), Widrow (2002), Ratra (1992), Quashnock et al. (1989)). Determin-
ing also how these primordial fields affect the evolution of structure and galaxies is
also a subject of intensive study (Wasserman, 1978, Ryu et al., 2012, Shibusawa et al.,
2014).
With continued research and improving sensitivity, the study of cosmic magnetic
fields through FR will provide complementary information to studies concentrating on
astrophysical effects coupled to the magnetic field perpendicular to the line of sight.
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Using the CMB as a back-light will enable the study of magnetic fields through a
various cosmic eras and comparison with FR probes from closer sources (like polarized
radio surveys) can inform on the evolution of cosmic magnetic fields.
1.2 The Epoch of Reionization
The CMB provides a wealth of information about the origin and history of the
universe. However it can only provide limited insight on the Cosmic Dark Ages and the
evolution of cosmic structure during the Epoch of Reionization (EoR). An additional
tool is required to study the evolution of the cosmic hydrogen leading up to the global
ionization of the intergalactic medium. The emission of 21cm photons from hydrogen
due to the spin-flip of the electron relative to the proton can be a powerful tool to
probe the eras when few other photons were emitted (Furlanetto et al., 2006). A
cartoon representation of this process is illustrated in Figure 8. While this spin-flip
transition is forbidden by quantum theory (the expected half life is nearly 11 million
years), the vast quantity of hydrogen in the early universe allows for detectable levels
of this type of radiation.
I follow the work of Furlanetto et al. (2006) to describe the physics of reionization
and the challenges faced by radio experiments observing the globally redshifted 21cm
line. We refer the reader to the aforementioned work for a detailed analysis of the
topics referred to here.
Refer to Appendix C for a definition of important terms to the subject of reioniza-
tion and the 21cm line.
While there are a multitude of physical processes which contribute to the thermo-
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Figure 8: A cartoon representation of the hyperfine transition of Hydrogen between
the singlet and triplet spin states resulting in the emission of a 21cm photon. Image
adapted from https://commons.wikimedia.org/wiki/File:Hydrogen-SpinFlip.svg
dynamic evolution of the Intergalactic Medium (IGM 2), we consider only two of the
major processes: heating and the reionization mechanisms. These are of particular
interest since the type of heating of the IGM contributes to the overall 21cm signal
and the driving mechanisms of reionization affect the variance of the 21cm signal.
1.2.1 Probes of HI
There are a number of tools which can be used to gain insight on the ionization
history of the universe. The absorption of photons whose energy lies above the Lyα
line of hydrogen cause a trough in the spectra of luminous bodies in the early universe
(Gunn and Peterson, 1965).
2Furlanetto et al. (2006) notes the IGM is not a completely valid term for the pervasive hydrogen
in this era before large scale structure formed. We continue to use it to describe both the pervasive
hydrogen before structures form and the true IGM after.
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Figure 9: Top: A two dimensional representation of the fluctuations of the 21cm
signal created from simulations in (Santos et al., 2008). The color scale represent the
strength of the 21cm signal during absorption (blue) and emission (red). Bottom:
A visual representation of a the differential brightness between 21cm emission and
the CMB during a possible reionization history. The initial separation dip of the
brightness temperature corresponds to the time when Compton heating becomes
inefficient. The resulting dip allows for absorption of photons by hydrogen. The
"Heating" in the figure indicates the time when X-Ray heating becomes dominant.
A positive differential brightness allows for the emission of 21cm photons. Images
adapted from Pritchard and Loeb (2012).
The presence of the so called Gunn-Peterson trough in high redshift quasars and
its absence at redshifts below z ∼ 6 indicates the presence of a phase shift in cosmic
hydrogen from a neutral to ionized state around this time (Becker et al., 2001, Dijkstra,
2016).
The "reionization bump" in CMB polarization power spectrum created during the
EoR can also be used to break the degeneracy of fitting As and τ ( the optical depth
to reionization) in CMB analysis. Knowing the optical depth to reionization can also
be used to constrain the redshift of reionization (Planck Collaboration et al., 2016e,
Reichardt, 2015).
Here I will specifically consider the 21cm photons emitted from neutral hydrogen.
This signal is independent of other astrophysical effects like star formation. Unlike the
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blackbody radiation of the CMB, the statistics of 21cm photons evolve with redshift.
Instead of a single image or snapshot, 21cm observations can create cubes of images,
mapping the entire evolution of neutral hydrogen.
1.2.2 The Spin Temperature
The emission of 21cm photons can be characterized by the evolution of the spin
temperature (excitation temperature) of hydrogen. The CMB blackbody acts as
background light for 21cm photons. Since the emission is already in radio wavelengths,
the Rayleigh-Jean limit of the CMB photons can be used to describe the observed
brightness along the line of sight:
Tb(ν) = TS(1− e−τν ) + TCMBe−τν (1.7)
where TS is the spin temperature (excitation temperature) of neutral hydrogen, and
τν is the optical depth along the line of sight for an observed frequency ν.
The contrast between the 21cm emission and the background CMB will be observ-
able between regions with a clear line of sight to the CMB3 and those obstructed by a
hydrogen cloud.
The differential brightness temperature between the 21cm emission and the CMB
at redshift z can be written as (Furlanetto et al., 2006, Pritchard and Loeb, 2012)
3As noted in Furlanetto et al. (2006), these sight lines are not always physical but the hypothetical
knowledge of the CMB still allows for this comparison.
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δTb(ν) =
TS − TCMB(z)
1 + z
(1− e−τν )
≈ 9xHI(1 + δ)(1 + z)1/2×[
1− TCMB(z)
TS
] [
H(z)/(1 + z)
dv‖/dr‖
]
mK
(1.8)
Note that this depends on the fractional matter over-density (1 + δ) and the gradient
of the peculiar velocity along the line of sight (dv‖/dr‖).
This contrast becomes saturated when TS  TCMB a time of 21cm emission and
can become potentially large and negative when TS is small (a time of absorption).
The source of the 21cm signal is apparent as a contrast between the excitation of
hydrogen atoms versus the underlying CMB backlight. But what drives the evolution
of TS?
Equating the rates at which hydrogen atoms move between the singlet and triplet
states as in Furlanetto et al. (2006) will allow a correlation between the spin tempera-
ture and the temperature of the IGM. The main mechanisms changing the state of
hydrogen are 21cm emission, collision with other atoms, and free protons and electrons
as well as scattering from UV and CMB photons.
This modeling is accomplished in (Field, 1958) to determine the dependence of TS:
T−1S =
T−1CMB + xcT
−1
K + xαT
−1
α
1 + xc + xα
(1.9)
where xα and xc are the coupling coefficients of UV scattering and collision respectively,
TK is the kinetic temperature of the IGM and Tα is the temperature of the Lyα
background. These coupling constants and Tα are calculated in Furlanetto et al.
(2006).
Figure 9 provides one possible scenario of the different in brightness tempera-
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ture between 21cm emission and the CMB. The differential brightness is driven by
absorption when negative and emission when positive.
1.2.3 Heating
In an expanding universe, the evolution of the temperature of the IGM, Tk, can be
expressed as the sum of cooling from expansion and heating from outside mechanisms
(Furlanetto et al., 2006):
dTk
dt
= −2H(z)Tk + 2
3
∑
i
i
kBn
(1.10)
where i is the energy injected per second per unit volume from the ith source and kB
is the boltzmann constant. After recombination, photons and baryons decouple and
the expansion of the universe allows for the diffusion and cooling of the IGM relative
to the CMB.
1.2.3.1 Compton Heating
While the global ionized fraction, x¯i, and the photon energy density, uγ ∝ T 4CMB,
are still large, Compton scattering between CMB photon and residual free electrons
acts to heat the neutral hydrogen.
This contribution to heating can be calculated as the drag force the CMB exerts
on a thermal distribution of free electrons. Seager et al. (1999) and J. E. Peebles
(1993) show this to be:
2
3
comp
kBn
=
x¯i
1 + fHE + x¯i
(TCMB − TK)
tγ
(1.11)
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where tγ ≡ (3mec)/(8σTuγ) is the Compton cooling time and fHE is the fraction of
Helium. The Compton scattering will draw the temperature of the IGM towards
equilibrium with the CMB during this time. While this effect is dominant, the IGM
will cool at a similar rate to the CMB, Tk ∝ (1 + z).
The temperature of the IGM will behave like an adiabatically expanding non-
relativistic gas, Tk ∝ (1 + z)2 when Compton scattering is no longer a major con-
tributing heating mechanism.
The time when Compton heating is import occurs before the representation in
Figure 9. The decoupling of Tk and TCMB, and initial cooling is already underway
near redshift 160 during what is known as the Dark Ages.
The period of absorption following this decoupling is driven by Lyα scattering off
hydrogen and dominating Equation 1.9.
1.2.3.2 X-Ray Heating
The formation of non-linear structure and the ignition of the first luminous bodies
allows for the production of X-Rays in the early universe. Since X-Rays have a long
mean free path, they are an excellent candidate for IGM heating (Pritchard and Loeb,
2012, Furlanetto et al., 2006).
The contributions of X-rays to heating (fX,h), ionization (fX,ion) and excitation
(fX,coll) can be calculated exactly for a given energy level of X-rays (Shull and van
Steenberg, 1985, Chen and Kamionkowski, 2004). However, there are challenges in
determining the exact amount of X-rays in the early universe. In the local universe,
star formation rate (SFR) has a strong correlation with the luminosity of X-Rays.
Assuming this correlation can be extrapolated to the early universe (Grimm et al.,
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2003, Ranalli et al., 2003, Gilfanov et al., 2004, Glover and Brand, 2003) , it is possible
to approximate the luminosity of X-Rays:
LX = 3.4× 1040fX
(
SFR
1M yr−1
)
erg s−1 (1.12)
where fX is a renormalization factor which is unknown but may be approximated.
Other factors upon which the energy released into the IGM from X-Rays may depend
are the efficiency at which stars are formed (f?) and SFR is proportional the the rate
at which gas collapses into virialized halos (dfcoll/dt).
These assumptions allow us to write the contribution to heating from X-rays:
2
3
X
kBH(z)n
= 103K fX
(
f?
0.1
fX,h
0.2
dfcoll/dz
0.01
1 + z
10
)
(1.13)
According to these assumptions, X-Rays will be contributing a large amount of energy
to the heating of the IGM.
This period around z ∼ 20 in Figure 9 denoted "Heating Begins" is when x-ray
heating drives the spin temperature from a period of absorption to emission. This
emission is eventually quenched as reionization continues and the IGM becomes fully
ionized.
It is also possible to write the heating contributions from Lyα and shock. While
these mechanisms are important to astrophysics and structure formation, their pure
heating is considered negligible compared to X-Rays and is not discussed in detail
here (Furlanetto et al., 2006).
1.2.4 Ionization and the IGM
The evolution of the ionization fraction, xi, and spatial fluctuations in xi along
with matter density fluctuations define the variations in the 21cm emission described
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above. These variation makes the detection of the power spectrum of 21cm photons
possible. The power spectrum is addressed later in Appendix E.
UV photons emitted from their host galaxies are considered the main mechanism
driving the reionization of neutral hydrogen. The rate at which x¯i changes, must be
proportional to interactions with these photons and also the possible recombination
of ionized atoms:
dx¯i
dt
= ζUV (z)
dfcoll
dt
− αC(z, x¯i)x¯i(z)ne(z) (1.14)
Where ζUV (z) is the ionizing efficiency of UV photons at redshift z. This term, along
with the recombination coefficient, α, the clumping factor, C(z, x¯i) = 〈n2e〉 / 〈ne〉2, and
the average electron column density, ne are all discussed in Furlanetto et al. (2006)
and Pritchard and Loeb (2012). This topic is discussed in detail in Barkana and Loeb
(2001), Haiman (2004), Ciardi and Ferrara (2005) and Loeb (2006). It is also possible
to include the contribution of ionization from X-Ray photons with a term proportional
to ζxray(z)dfcolldt and exploring the ionizing efficiency of X-Ray photons and when they
become important to this process. This work is explored in Mesinger et al. (2013)
1.2.5 Models and Simulations
Unlike the CMB, there is no single robust model of the 21cm power spectrum
against which to compare and experiment. For a complete review of the analytic,
semi-analytic and numerical work done to model the evolution of P (k) refer to Morales
and Wyithe 2010 section 2.2.
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Figure 10: Differential brightness temperature predictions for different scenarios
of possible X-ray contributions to ionization. Models parameters include ionizing
efficiency of both UV and X-Ray photons, minimum virial temperature and mean
photon energy as well as the inclusion of feedback mechanisms. Note both time and
color scale are reversed here compared to Figure 9. Image courtesy of Mesinger et al.
(2013) 25
1.2.5.1 Analytic Models
The bubble model, developed by Furlanetto et al. (2004a,b), computes the mass
of ionized regions (HII) similar to the excursion set formalism used to compute the
dark matter halo mass function. The differences between these models manifests
primarily in the barrier used to exclude regions: a constant size is used in the standard
formalism and a function of HII region in the bubble model.
In order to compute a power spectrum model from the single point statistics used
in the bubble model, Barkana (2007) utilizes two correlated random walks to calculate
the power spectrum. This work is expanded in Barkana (2009) to argue that analytic
models can be tuned to provide precise predictions of the evolution of the 21cm power
spectrum as a function of redshift and used to fit cosmological parameters relevant to
the reionization process.
The major lessons learned from analytic models addressed in Morales and Wyithe
(2010) include: Large, over-dense regions near sources are ionized first while under-
dense regions are ionized by the overlap of growing HII regions, galaxy clustering
contributes to increased HII regions beyond expectations of a single ionizing source,
and the 21cm fluctuations are inherently non-Gaussian on both large and small scales.
1.2.5.2 Numerical Simulations
The non-linear and non-Gaussian features inherent to reionization ensure precise
analytic modeling is both exceedingly difficult and usually dependent on fine tuned
initial parameters.
To combat these difficulties, large scale N-body simulations attempt to predict and
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model the physics occurring during reionization. Robust simulations must be able to
resolve the large scale evolution of HII bubble while also possessing the fine resolution
the sources of ionizing radiation (galaxies, quasars). A number of recent simulations
(Iliev et al., 2007, Zahn et al., 2007, McQuinn et al., 2007, Shin et al., 2008, Lee
et al., 2008, Croft and Altay, 2008) describe the generic features of reionization and
established the three points outlined in Morales and Wyithe (2010).
Simulation work by Mesinger et al. (2013) also predict the ionizing effects of X-
Rays during reionization. While mainly attributed to IGM heating, X-Rays may also
contribute to the overall ionization history. The differential brightness temperature
as a function of redshift from these ionization scenarios is displayed in Figure 10.
Depending on how much X-Rays contribute to ionization and when this occurs, the
differential brightness temperature can vary greatly. Some of these simulations also
explore the possibility of feedback between the ionizing sources and the heated IGM.
The implications and physics of radiative feedback is discussed further in (Mesinger
and Dijkstra, 2008, Dijkstra et al., 2004).
1.2.5.3 Semi-Analytic Models
The ability of Mesinger et al. (2013) to explore a large phase space of reionization
parameters is achieved in part to the semi-numerical ground work laid by Mesinger
and Furlanetto 2007, Zahn et al. 2007 and Bond and Myers 1996a,b,c.
These semi-analytic models use an excursion-set approach to identify halos in
the linear density field and apply a first order perturbation to adjust their locations.
Then a filtering technique based on the bubble model is used to estimate ionization
based on a source catalog within each halo. Thomas et al. (2009) use a large N-body
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simulation to construct the ionization field and then apply a library of pre-computed
1D radiative transfer functions to construct HII regions instead of matching a source
catalog and filtering.
Both methods of semi-analytic modeling show good agreement as discussed in
Morales and Wyithe (2010). The use of these techniques also retain information on
the spatial distribution of ionizing sources and structure which is not available with
strictly analytic models.
All three types of modeling allow for predictions of the evolution of P (k) as well
as predict possible detection scenarios for current and future radio telescopes. Lidz
et al. (2008) addresses the possibility of detecting 21cm emission with the Murchison
Widefield Array (MWA4; Bowman et al. (2013)). Mesinger et al. (2011) introduced
the publicly available 21cmFAST5 code. A fast and customizable code which uses
the semi-analytic calculation of reionization to produce models of the 21cm power
spectrum.
1.3 Radio Observations
Detecting the 21cm signal, and through it reionization, is possible through a
number of methods. Perhaps the simplest idea would be to observe the evolution of xi
directly. A precise measurement of δTb would be able to map the localized ionization
evolution of hydrogen, the 21cm analogue of a CMB anisotropy map.
Measurements of this precision are not available to current radio telescopes however.
The radio sky is dominated by synchrotron emission at the radio frequencies used
4mwatelescope.org
5https://github.com/andreimesinger/21cmFAST
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to observe δTb. This emission is orders of magnitude brighter than the predicted
underlying 21cm signal. The foregrounds and challenges posed by these experiments
are discussed in detail in Morales and Wyithe (2010) and Pritchard and Loeb (2012).
Despite the challenges of observing δTb directly, there are experiments looking
to observe this signal averaged over then whole (observable) sky, x¯i(z). These so
called "global" experiments, like the Experiment to Detect the Global EoR Signature
(EDGES6; Bowman and Rogers 2010), the Large Aperture Experiment to Detect the
Dark Ages (LEDA; Greenhill and Bernardi (2012)), the Shaped Antenna measurement
of the background RAdio Spectrum ( SARAS; Patra et al. (2015)), the Broadband
Instrument for Global HydrOgen ReioNisation Signal (BIGHORNS; Sokolowski et al.
(2015)), and the Sonda Cosmológica de las Islas para la Detección de Hidrógeno
NeutroSciHi (SCI-HI; Voytek et al. (2014a)) are named for their search for the globally
averaged 21cm signal. They are already putting constraints on the duration of
reionization (Bowman and Rogers, 2010, Presley et al., 2015, Monsalve et al., 2017).
EDGES has recently detected a strong evidence for an absorption trough centered
at 78 MHz (z ∼ 17.2) the first detection of this type from the global experiments
(Bowman et al., 2018).
The experiments searching to detect the the differential brightness (δTb) from the
EoR, both in the imaging and power spectrum analysis, include: Giant Metre-wave
Telescope (GMRT; Paciga et al. (2013)), Precision Array for Probing the Epoch of
Reionizaiton (PAPER7; Parsons et al. (2010)), 21 Centimeter Array (21CMA; Peterson
6http://www.haystack.mit.edu/ast/arrays/Edges
7eor.berkeley.edu
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et al. (2004); Wu (2009)), Hydrogen Epoch of Reionziation Array (HERA8; DeBoer
et al. (2016)), MWA, Low Frequency Array (LOFAR9; Yatawatta et al. (2013)), and
Square Kilometre Array (SKA10; Mellema et al. (2013)).
1.3.1 Challenges of Radio Observations
Many of these experiments use radio interferometers to makes measurements of
the sky. The basic principles of radio interferometry are reviewed in Appendix D.
Construction of power spectrum estimators has also come with some challenges for
experiments like these. Through the effects of "instrumental mode mixing,"(Parsons
et al., 2012) the relatively smooth spectral structure of foreground emissions, which
should be restricted to low Fourier Modes in the power spectrum, can contaminate
higher Fourier modes beyond the theoretical expectation. The result of this mode
mixing creates what is aptly termed the "wedge" in power spectrum estimated by
these instruments. This wedge has been observed in numerous simulations and power
spectra estimated from data (Datta et al., 2010, Morales et al., 2012, Vedantham
et al., 2012, Trott et al., 2012, Hazelton et al., 2013, Pober et al., 2013, Thyagarajan
et al., 2013, 2015b,a, Barry et al., 2016).
The wedge is not without limits however, a region of Fourier space still exists
theoretically free of foreground signals and ideal for EoR analysis. This "EoR window"
consists of a region where spectrally smooth foregrounds do not contaminate the
8reionization.org
9www.lofar.org
10skatelescope.org
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otherwise isotropic cosmological 21cm signal (Morales et al., 2006, Bowman et al.,
2009). This is made possible by the cosmological signal existing isotropically in
spherical shells throughout all of Fourier space. A number of analysis pipelines
attempt to exploit this fact and focus their analysis in the "EoR window" as a way
to avoid foregrounds (Dillon et al., 2013, Parsons et al., 2014, Trott, 2014, Ali et al.,
2015, Dillon et al., 2015, Jacobs et al., 2016, Trott et al., 2016).
A number of techniques are also being investigated to remove foreground con-
tamination from both point sources and diffuse structure in both image and Fourier
domains (Trott et al., 2012, Beardsley et al., 2016, Pober et al., 2016, Line et al.,
2017). These techniques all focus on having a precise understanding of either the sky
and relevant foregrounds, the baseline response pattern, or some combination of both
in order to decrease the contamination of foregrounds to high k-modes.
1.3.2 Current Results
The continued advancements in both the instrumentation and analysis techniques
allow current 21cm experiments to place better limits on the 21cm power spectrum
from the EoR. A plot of recent limits on the 21cm power spectrum is shown in
Figure 11. Though the analysis methods vary from techniques like eigenmode filtering
(Dillon et al., 2015), Fringe-Rate Filtering (Parsons et al., 2016, Ali et al., 2015),
diffuse foreground subtraction (Beardsley et al., 2016), Optimal Quadratic Estimation
(OQE) (Liu and Tegmark, 2011, Trott et al., 2012, Ali et al., 2015, Dillon et al.,
2013, Jacobs et al., 2015, Parsons et al., 2014, Dillon et al., 2015, Liu et al., 2014a,b),
all these experiments are steadily advancing toward increasingly lower limits on the
amplitude of the 21cm power spectrum over a range of redshifts (6 < z < 12).
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Figure 11: Current best results from many experiments searching for the 21cm power
spectrum during reionization averaged in the range 0.1 < k < 0.6 as of 2017. The
theory line on this image is a fiducial 21CMFAST model meant as a reference for expected
detection levels.
Recent results from PAPER 64 element deployment are presented in Chapter 3.
This analysis and power spectrum estimates are accompanied by an updated version
of the plot in Figure 11.
Predictions for the detectability of the 21cm power spectrum are optimistic for the
detection with next generation arrays like HERA, and the SKA. HERA has recently
begun construction and initial observations in the Karoo desert in South Africa at the
previous site for PAPER.
1.4 Probing long wavelength cosmology
The analysis tools, and current results from both the research of the CMB and
21cm emission from neutral hydrogen will form the backbone of the analyses that
follows. Chapter 2 outlines a new method of cross correlation to probe for Faraday
32
Rotation using the CMB as a back-light. This work then presents recent power
spectrum estimates from the PAPER 64 element array in Chapter 3 and considers
the effects of foreground suppression in power spectrum estimation versus foreground
removal in the analysis pipeline. Chapter 4 addresses how foregrounds leak to high
Fourier modes in interferometric measurements and introduces a method to evaluate
how prone an array is to foreground leakage. The goal of reducing foreground leakage
is to produce high fidelity imaging of the EoR and enable power spectrum and cross
correlation analysis.
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PREFACE TO CHAPTER 2
The following chapter is the published work:
Kolopanis, M., P. Masukopf and J. Bowmann "Detectability of Galactic Faraday
Rotation in multiwavelength CMB observations", MNRAS 473, 4795-4804 (2018).
The text and content of the figures in this chapter match the published MNRAS
version of this paper. The formatting of some figures has been altered slightly to fit
the page layout of this document.
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Chapter 2
DETECTABILITY OF GALACTIC FARADAY ROTATION IN
MULTI-WAVELENGTH CMB OBSERVATIONS: A CROSS-CORRELATION
ANALYSIS OF CMB AND RADIO MAPS
Matthew Kolopanis,1,2 Philip Mauskopf,1,2 Judd Bowman2
1Department of Physics, Arizona State University, Tempe, AZ 85287
2School of Earth and Space Exploration, Arizona State University, Tempe, AZ 85287
Abstract
We introduce a new cross-correlation method to detect and verify the as-
trophysical origin of Faraday Rotation (FR) in multiwavelength surveys. FR is
well studied in radio astronomy from radio point sources but the λ2 suppression
of FR makes detecting and accounting for this effect difficult at millimeter and
sub-millimeter wavelengths. Therefore statistical methods are used to attempt
to detect FR in the cosmic microwave background (CMB). Most estimators of
the FR power spectrum rely on single frequency data. In contrast, we investigate
the correlation of polarized CMB maps with FR measure maps from radio point
sources. We show a factor of ∼ 30 increase in sensitivity over single frequency
estimators and predict detections exceeding 10σ significance for a CMB-S4 like
experiment. Improvements in observations of FR from current and future radio
polarization surveys will greatly increase the usefulness of this method.
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2.1 Introduction
Current and future polarized cosmic microwave background (CMB) experiments like
PLANCK (Planck Collaboration et al., 2016a), QUIET (Bischoff et al., 2013), WMAP
(Bennett et al., 2013), CLASS (Essinger-Hileman et al., 2014), SPT (Benson et al.,
2014), SPIDER (Fraisse et al., 2013), and The BICEP/KECK array (Ahmed et al.,
2014, BICEP2 and Keck Array Collaborations et al., 2015) image the cosmic microwave
background with increasing sensitivity. In particular, these experiments are improving
the sensitivity to the polarized E-mode signal and providing better wavelength coverage
(30–220 GHz) compared to previous generations of CMB experiments. The first B-
mode signals have also been detected via the lensing B-modes in a cross-correlation
from SPT (Hanson et al., 2013) and ACT (van Engelen et al., 2015), autocorrelation
from SPTpol (Keisler et al., 2015), ACTpol (Naess et al., 2014) and Polarbear (The
Polarbear Collaboration et al., 2014), and dust generated B-modes in auto and cross-
correlation (BICEP2 and Keck Array Collaborations et al., 2015, BICEP2/Keck and
Planck Collaborations et al., 2015).
Another foreground contribution to the B-mode signal in the CMB is Faraday
Rotation (hereby referred to as FR) (Scóccola et al., 2004, Tashiro et al., 2008).
Primordial, Galactic and extragalactic contributions to FR will cause E-mode and
B-mode mixing (Gluscevic et al., 2009). Future B-mode experiments will need to
remove this signal in order to accurately characterize polarized signals from primordial
sources or an EB cross-correlation.
FR is the displacement of the polarization angle of linearly polarized photons as
they propagate through a plasma. While dust or synchrotron polarization provides
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information on the component of magnetic fields oriented perpendicular to the line of
sight, FR is a probe of magnetic fields along the line of sight.
The presence of ‘isotropic birefringence’ can also rotate the polarization angle of
linearly polarized photons. This effect, however, manifests in a frequency independent
manner and imprints a unique, `-independent, signature on the CMB power spectrum.
In contrast, the anisotropic nature of FR imprints a signature with known `-dependent
structure on CMB power spectra. (Lue et al., 1999, Gruppuso et al., 2016)
Available maps of Galactic and extragalactic FR measure, shown in Figure 12,
rely on current radio data (Oppermann et al., 2015) but upcoming radio surveys will
provide better overall sensitivity and more precise measurements of FR (Bernardi
et al., 2013, Sotomayor-Beltran et al., 2013, Condon, 2015, Sotomayor-Beltran et al.,
2015, Wayth et al., 2015, Lenc et al., 2016).
FR becomes significant for photons travelling through regions with large magnetic
fields oriented parallel to the direction of photon propagation and regions with weak
magnetic fields extending over non-trivial distances (De et al., 2013).
In near-large galaxies, the high electron density, ne, can cause large FR and may
also contain tangled magnetic fields that can lead to depolarization (Carretti, 2010).
Depolarization is the net loss of the total polarized intensity. FR can also cause
depolarization through differential FR. Differential FR occurs when polarized photons
are emitted from a spatially extended source or, in the case of the CMB, from a large
primordial magnetic field at the surface of last scattering. Photons undergo different
amounts of FR depending upon the extent of the source through which they travel.
For the CMB specific case, a large magnetic field at the surface of last scattering
will create a damping effect on E- and B-mode production. In the presence of a
large magnetic field, Thomson scattering at the surface of last scattering will cause
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Figure 12: RM of the Galaxy as provided by Oppermann et al. (2015). The top figure
is the RM reconstruction and the bottom is uncertainty in RM. Note the difference in
scales.
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depolarization (Scóccola et al., 2004). Specific discussion of these effects can be found
in Harari et al. (1997) and Scóccola et al. (2004) respectively.
The detection of FR at millimeter wavelengths would enable the detection of
the rotation of polarized CMB emission due to interactions at high redshifts (e.g.
reionization or recombination epochs). This would potentially constrain the amplitude
of large-scale magnetic fields.
Characterizing FR through different cosmological eras will also provide insight to
the evolution of magnetic fields in the Universe. Observable FR first occurred during
photon decoupling at the surface of last scattering (Kosowsky and Loeb, 1996). When
the universe is still at a high ionized fraction, photons that have decoupled from the
baryionic fluid will experience FR while recombination occurs. Reionization will also
leave a signature of FR as ionization fractions increase and photons pass through
ionized regions (Scóccola et al., 2004).
Predictions for FR in the CMB at recombination from primordial magnetic fields
estimated a 1◦ rotation in polarization angle at an observed frequency of 30 GHz
(Kosowsky and Loeb, 1996). The resulting power spectrum of these polarized photons
is estimated to have a peak polarization amplitude of `2CC` ≈ 10−12(µK)2 (Kosowsky
et al., 2005). Recent estimates of the strength of primordial magnetic fields from the
PLANCK collaboration correspond to a level of FR in the CMB comparable to the
amount expected from Galactic sources (Planck Collaboration et al., 2016d). A precise
understanding of Galactic FR is required to disentangle the two signals. Detecting
Galactic FR in CMB data sets is the first step in this process.
The paper is organized as follows: Section 2.2 reviews FR, Section 2.3 defines the
correlator used in this paper and its uncertainty, Section 2.4 analyses the simulations of
this correlator, Section 2.5 explores the correlation of FR with other CMB foregrounds,
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Section 2.6 applies this analysis to real data, and we provide a discussion of this work
in Section 2.7.
2.2 Faraday Rotation
FR occurs as polarized photons propagate through regions of space containing
ionized particles and magnetic fields. These photons undergo a rotation in the direction
of polarization by an angle
θ(nˆ) = λ2αRM(nˆ) =
3
16pi2e
λ2
∫
τ˙B · dl (2.1)
In this equation nˆ is the direction along the line of sight, τ˙ ≡ neσTa is the differential
optical depth, λ is the observed wavelength of the photon, B is the comoving magnetic
field and dl is the comoving element of length along the trajectory of the photon
(De et al., 2013). The differential optical depth is a function of the free electron
density along the line of sight, ne, the Thomson scattering cross-section, σT , and the
scalefactor, a. The rotation measure, αRM (nˆ), is the wavelength-independent quantity
describing the strength of FR along the line of sight.
Under FR, the Stokes parameters are transformed as
Qλ + iUλ = (Q0 + iU0)e
2iθ(λ,nˆ) (2.2)
where Q0 and U0 are the un-rotated Q and U parameters of the photons in the limit
lambda goes to 0, equivalent to the intrinsic polarization of the radiator (e.g. the
surface of last scattering).
While the un-rotated polarization bases cannot be directly observed, the effects
of FR in multifrequency experiments can be observed through the phase difference
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between frequencies
Qi + iUi = (Qj + iUj)e
2i(λ2i−λ2j )α(nˆ) (2.3)
where subscripts i, j represent different observation frequency bands. In other words,
the polarization vector, Q+ iU , should differ by a phase proportional to the difference
of the squares of wavelengths between two frequency bands.
Estimators of the RM power spectrum can be constructed from direct observation
of the Gradient (E-mode) and Curl (B-mode) power spectra of the CMB (Gluscevic
et al., 2009, Kamionkowski, 2009, Yadav et al., 2009, De et al., 2013, Pogosian, 2014).
Such an estimator can also be used to constrain the strength of primoridial magnetic
fields (Pogosian, 2014, Ade et al., 2015, Planck Collaboration et al., 2016d). These
optimal estimators will help constrain early universe models and the evolution of
magnetic fields. Unfortunately, noise levels in current CMB experiments are too high
to characterize the FR power spectrum.
In this paper, we calculate the cross-correlation of FR measure maps provided by
Oppermann et al. (2015) with CMB maps. This correlation can be used to verify
the presence of FR in the CMB from a known source (e.g. FR measured from radio
observations) and as a tool to verify astrophysical FR in CMB observations. Since FR
is cumulative, direct fitting for αRM will only recover the net effect of astrophysical
FR, FR intrinsic to sources and any systematic effects that manifest in the uncertainty
of polarization angle.
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2.3 Faraday Rotation Correlator
2.3.1 Correlator
To construct this correlation, consider maps of observed CMB Stokes parameters
Q and U . For each pixel, n, in these maps, the small angle approximation of
equation Equation 2.3 becomes
Qni + iU
n
i = (Q
n
j + iU
n
j )e
2i(λ2i−λ2j )α(nˆ)
≈ (Qnj + iUnj )(1 + 2i(λ2i − λ2j)αnRM)
(2.4)
Since Stokes Q and U are both real quantities, we can separate the real and imaginary
parts of this equation and calculate the difference in each as
∆Qnij = Q
n
i −Qnj = 2(λ2i − λ2j)αnRMUni
∆Unij = U
n
i − Unj = −2(λ2i − λ2j)αnRMQni
(2.5)
where the subscripts i, j represent frequency bands.The minus sign convention here is
chosen such that the resulting power spectra are positive. Applying this correlator
requires maps of Q and U from at least two frequencies and a sufficient map of αRM .
To combine more than two pairs of maps we employ an inverse variance weighting of
the correlation for multiple frequency pairs.
Using the standard spherical harmonic decomposition, we define
∆Qij
2(λ2i − λ2j)
≡
∑
`m
qij`mY`m (2.6)
∆Uij
2(λ2i − λ2j)
≡
∑
`m
uij`mY`m (2.7)
− αRM(nˆ)Qi ≡
∑
`m
ri`mY`m (2.8)
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αRM(nˆ)Ui ≡
∑
`m
si`mY`m (2.9)
The factor 2
(
λ2i − λ2j
)
in Equations 2.6 and 2.7 is introduced to construct a wavelength-
independent correlator. These four maps will form the basis of our cross-correlations.
Equation 2.5 shows that under small rotations the quantities in equations 2.6 and 2.9
should be equivalent since the 2
(
λ2i − λ2j
)
will cancel in the definition of ∆Qij in
equation 2.5. This will also hold for equations 2.7 and 2.8.
From the spherical harmonic coefficients, cross-correlations can be defined as
CAB` =
1
2`+ 1
∑`
m=−`
Re {A∗`mB`m} (2.10)
Where A and B denote the two maps used in a cross-correlation, for this work
equaitons 2.6 and 2.9, and equations 2.7 and 2.8. These two angular power spectra
can then be added together to create the detection correlator
CFR` =
1
2`+ 1
∑`
m=−`
Re { q∗`ms`m + u∗`mr`m }
= C∆Q×αU` + C
∆U×αQ
`
(2.11)
2.3.2 Uncertainty
The theoretical uncertainty in equation 2.11 can be calculated following the work
of Polenta et al. (2005). The method calculates the uncertainty in a cross-correlation
as
δC˜ij`
2
=
2
ν`
{
Cij`,th
2
+
Cij`,th
2
(
N i` +N
j
`
)
+
N i`N
j
`
2
}
(2.12)
where ν` = (2`+ 1)∆`fsky
w22
w4
F`, fsky is the fraction of the sky observed, ∆` is the size
of a bin in ` space, w2 and w4 are powers of integrals of a pixel space masking function
and F` is a power-transfer function. These quantities and an in-depth analysis can
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be found in Hivon et al. (2002). The subscript th denotes a theoretical model. For
this work, we represent Ci,j`,th as multiple realizations over noiseless CMB simulations
inserted into the correlator pipeline. The two maps are given superscripts i and j,
and their respective noise power spectra denoted as N i,j` .
An estimate of the noise power in equation 2.6, N∆Q` , and equation 2.9, N
αU
` ,
is required to use equation 2.12. To accomplish these estimates, considering equa-
tions 2.6 and 2.9, write
qij`m =
∫
dΩ
[
Qi(θ, φ)−Qj(θ, φ)
2
(
λ2i − λ2j
) ]Y ∗`m(θ, φ) (2.13)
sij`m =
∫
dΩ
[
α(θ, φ)× U j(θ, φ)]Y ∗`m(θ, φ) (2.14)
Assuming each map to be a sum of signal and noise components: Qi = Qi0 + δQi,
U i = U i0 + δU
i and α = α0 + δ, and equations 2.13 and 2.14 become
qij`m =
∫
dΩ
[
Qi0 + δQ
i −Qj0 − δQj
2
(
λ2i − λ2j
) ]Y ∗`m(θ, φ) (2.15)
sij`m =
∫
dΩ
[
(α0 + δα)× (U j0 + δU j)
]
Y ∗`m(θ, φ) (2.16)
Then we separate terms that rely on any noise component from the purely signal
components and square in Fourier space. Converting the integrals to summations over
pixels of size Ωpix, and writing the uncertainty per pixel in a map X as σXn , the noise
power spectra can be written as
N∆Q` =
Npix∑
n
σ2Qin − 2σQinσQjn + σ2Qjn(
2(λ2i − λ2j)
)2 Ω2pix4pi (2.17)
NαU` =
Npix∑
n
[
σαU
j
0 + α0σUj + σασUj
]2 Ω2pix
4pi
(2.18)
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Instrument
ν
(GHz)
FWHM
(acrmin)
Noise Depth
(µK-arcmin)
QUIET 43.1 27.3 36
94.5 11.7 36
BICEP/
KECK
95 30 3.4
150 30 3.4
ACT 30 5 14
40 5 14
90 2.2 11
150 1.3 10
230 0.9 35
PLANCK 30 33 210
44 24 240
70 13 300
SPIDER 90 49 15
150 30 11
250 17 36
CMB-S4 40 4 1
90 2 1
150 1 1
220 0.7 1
Table 2: Parameters used in CMB simulations. All parameters derived from Bischoff
et al. (2013), Chang (2013), Fraisse et al. (2013), Calabrese et al. (2014), BICEP2 and
Keck Array Collaborations et al. (2015), Planck Collaboration et al. (2016a).
Inserting these into equation 2.12, a theoretical estimation of the variance in the
cross-correlation power spectrum can be computed. This process can also be repeated
to estimate the noise for the correlations of equations 2.7 and 2.8. The two separate
variance estimators are then added in quadrature to provide an estimate of the
uncertainty for Equation 2.11. We also produce noise estimators by performing Monte
Carlo simulations over independent noise simulations. The agreement between these
estimators is shown in Figure 13. We find a good agreement between these two
estimators in general. Variations between them can result from a spatial structure
that exists in the noise maps not captured by an RMS thermal noise power.
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2.4 Simulation
We simulate CMB observations for the following surveys: QUIET, PLANCK,
BICEP/KECK, AdvancedACT, PLANCK, SPIDER and sensitivities expected for
CMB-S4. The parameters used to construct these simulations are described in Table 2.
The CAMB software is used in simulating CMB data (Lewis et al., 2000, Howlett et al.,
2012) and the HEALPIX11 (Górski et al., 2005) and ANAFAST packages are used in data
processing.
We generate pure CMB simulated data and apply FR to the polarized Q and U
maps based on the frequencies of a given array. The RM used to facilitate FR in these
simulations is the map provided by Oppermann et al. (2015) and shown in Figure 12.
The polarized Q and U maps are then smoothed to the observing resolution for
each instrument. White noise is added to the smoothed polarized maps before an
additional smoothing with a Gaussian beam to the desired resolution for analysis.
Noise is added before the final smoothing since data product maps are created at
different spatial resolutions but must be smoothed to the same resolution for before this
analysis. In order to properly difference maps of Q and U from different observational
wavelengths, we smooth all maps to resolution of 40arcmin. Since the FR maps used
in the analysis are only available at Healpix NSIDE = 128, we downgrade all maps
to this Healpix NSIDE and smooth to avoid pixelization effects.
These images are then analysed using the method from section 2.3. The results
from these simulations are characterized using the following definitions.
To find the likelihood of a correlation, we calculate the posterior distribution for a
scalefactor β such that
11Information on HEALPix available at http://healpix.sf.net/
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Figure 13: Simulated output power spectra from QUITE, PLANCK, SPIDER, SPT-
3G, AdvancedACT, and CMB-S4. The grey region represents the noise estimator
given in Equation 2.12, error bars are generated by Monte Carlo trials over N = 500
noise simulations. The theoretical and MC error bars show agreement within the
simulated regions. The red line and surrounding red shaded region represent the
theoretical signal for each experiment and uncertainty due to cosmic variance. Large
thermal noise in current generation CMB arrays and limited spatial resolution of
the FR map limit the signal to noise of this correlation. Experiments like the future
CMB-S4 will have sufficient sensitivity to make high signal-to-noise detections of this
signal. Signal-to-noise for each experiment is computed for 25 < ` < 250 due to the
limited resolution of the radio RM maps. Higher resolution maps would allow for
experiments like AdvancedAct to make detections at higher multipole moments.
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Figure 14: Same as Figure 13, but for inputs maps containing only polarized syn-
chrotron. The grey shaded region is the theoretical error bar with the jack-knife error.
Error bars represent the standard deviation in a bin. The red line is the theoretical
estimate of the FR cross-correlation signal in the region. Synchrotron emission can
contribute power on the same scale or higher as the expected FR signal. This power is
dominated by the uncertainty in the correlation however. Good synchrotron removal
is necessary to perform this correlation properly. The construction of synchrotron
templates allows for high-precision subtraction to be performed on CMB data.
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Figure 15: Same as Figure 13, but for inputs maps containing only polarized dust from
Planck. The grey shaded region is the theoretical error bar with the jack-knife error.
Error bars represent the standard deviation in a bin. The red line is the theoretical
estimate of the FR cross-correlation signal in the region. Some experiments observe in
regions with low dust and are not subject to this foreground. Experiments with high
dust power also exhibit large uncertainty, and this would contribute to the uncertainty
in the correlator. Overall, large uncertainty in the correlation requires good removal
of polarized dust emission.
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CFR` = βC
FR
`,th (2.19)
with the CFR`,th given from noiseless simulations in the observed region. Due to the
low angular resolution of current FR measure maps, this posterior is only fit for
25 < ` ≤ 250. Assuming a uniform prior distribution for β in the range [–1000,1000]
and Gaussian variances, when computing the posterior distribution of the simulations,
the standard error of the mean is used as the uncertainty of the data points. Defining
the estimator of β as β¯, it should fall in the interval
β¯ = 1± σβ¯√
Nsim
(2.20)
where σ2
β¯
is the variance of the posterior distribution and Nsim is the number of
simulations. We calculate the total SNR of the correlator as
SNR =
1
σβ¯
(2.21)
Since the simulations are designed such that β = 1, a strong correlation is represented
by a narrow peak centred around β¯ = 1. The posterior is computed in this way to
determine whether there exists bias in the simulations or correlator.
The results from our simulations are illustrated in Figure 13. The signal to noise
expected from this correlation can be found in Table 3. Based on our estimates,
current CMB experiments are unable to detect the FR cross-correlation due to the
high thermal noise in CMB observations and the limited spatial resolution of current
RM maps. Next generation experiments with thermal noise levels similar to the
CMB-S4 estimates and increased spatial resolution of RM maps will be able to make
high signal-to-noise detections.
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2.5 CMB Foregrounds
The presence of polarized CMB foregrounds like synchrotron and thermal dust
emission may cause false correlations with this method if present in polarization
observations.
An in-depth analysis and discussion of the characteristics of polarized CMB
foregrounds can be found in Planck Collaboration et al. (2016c). As noted by Dineen
and Coles (2004), the intensity of synchrotron emission is a function of the energy
density of electrons, N(E)dE, and the strength of magnetic field. When the electron
energy density exhibits a power-law distribution
N(E)dE ∝ E−(2α+1)dE (2.22)
the intensity of synchrotron radiation takes the form
I(ν) ∝ B1+α⊥ ν−α (2.23)
where B⊥ is the component of the magnetic field perpendicular to the line of sight
and α is the spectral index.
This provides information on the total synchrotron intensity, the polarized compo-
nents of synchrotron emission are described in Orlando and Strong (2013) as
Q ∝
∫
(B2⊥x −B2⊥y)I(s)ds (2.24)
U ∝
∫
(2B⊥xB⊥y)I(s)ds (2.25)
where the B⊥x and B⊥y are the components of the magnetic field perpendicular to
the line of sight and the integral is performed along the line of sight.
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While synchrotron emission and FR are dominated by components of the same
magnetic field, B, some field configurations may produce the existence of one effect
and not the other (e.g. FR without synchrotron and vice-versa).
Polarized thermal dust emission is dominated primarily by the temperature of
the dust, Td, as well as the component of the magnetic field perpendicular to the
line of sight B⊥ and its alignment with the orientation of dust particles (Planck
Collaboration et al., 2015a). While its correlation with FR cannot necessarily be
intuitively predicted, much work has been done attempting to simulate this emission
(Planck Collaboration et al., 2015a, Ghosh et al., 2017, Vansyngel et al., 2017) and
accurate simulations of emission can be used to estimate the amount of correlation.
Dineen and Coles (2004) use a Spearman rank-order correlation coefficient to
investigate the amount of correlation between FR from radio point sources and CMB
foreground maps. They find a stronger correlation between dust and FR than between
synchrotron and FR, even outside the galactic centre.
For our analysis we are investigating how polarized foreground may cause a false
correlation with our method. The residual correlations found in the Spearman rank-
order analysis suggest that polarized CMB foregrounds may produce false positive
correlation.
To determine the extent to which the FR cross-correlation may be contaminated
by other low-frequency polarized CMB foregrounds, we compute the correlator from
section 2.3 with polarized dust and synchrotron maps provided by PLANCK (Planck
Collaboration et al., 2016b) for each set of observed frequencies in the simulated
experiments.
We can estimate the error in the foreground correlation by sending a jack-knifed
map, created from differencing the Half mission 1 and Half mission 2 images from
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each potential foreground respectively, through the correlation pipeline. This error is
represented by the shaded regions in Figs 14 and 15.
Fig. 14 shows the results of cross-correlation pipeline when the polarized syn-
chrotron maps are substituted for rotated CMB images. Within error, this correlation
is found to be consistent with zero and is not expected to contaminate a net signal to
the correlation. The large magnitude of recovered correlations is comparable to the
expected FR signal and indicates that proper foreground removal from observation
is necessary to ensure synchrotron contamination does not dominate the final error
budget.
Similarly, Fig. 15 shows the results of the cross-correlation pipeline when the
polarized dust maps are substituted for rotated CMB images. Polarized dust shows a
residual correlation for the simulated frequencies. This signal is especially prominent
in the high frequencies where dust emission is strong. Hence, in the analysis of
actual observations, care must be taken to accurately remove this foreground before
performing the cross-correlation.
For both types of foregrounds analysed, the jack-knife errors dominate any potential
residual signal. Without proper removal, these foregrounds may contribute to a false
correlation or an anticorrelation. The existence of detailed foreground maps for direct
subtraction and the usage of techniques like a principle component analysis allow for
the removal of these foregrounds from CMB maps in practice.
2.6 Application to Real Data
Based on the simulation, the low-frequency data collected by PLANCK should not
be able to detect the effects of the Galactic FR. The contributions from thermal noise
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Figure 16: Real Planck LFI data correlation, the inverse variance weighted sum of
30x44, 44x70 and 30x70 correlators. The error bars are derived from the standard
deviation within a bin of ∆` = 25. The correlator is consistent with zero for all
tested multipoles, indicating no observable signal in the data. The grey shaded region
represents the theoretical error obtained obtained from the covariance provided in
the planck data. Discrepancy between the error bars and shaded regions may be a
representative of the limited statistics in the data.
dominate the correlation. In this section, we apply the correlator to actual PLANCK
data to test the predictions above.
When applied to Planck LFI data, the cross-correlation produces the results shown
in Fig. 16. Black error bars in Fig. 16 are given by the standard deviation of the
power spectrum in a bin of ∆` = 25 over N = 500 realization of the noise covariance
map provided in the PLANCK data release injected into a simulated CMB signal.
The grey shaded region is the theoretical error given in Section 2.3.2 with the thermal
noise level from Planck Collaboration et al. (2016a). The posterior distribution of β
is generated using the theoretical error bars for the PLANCK data. The posterior
distribution for β produces β¯ = 27.91 and σβ¯ = 74.00.
The mean of the posterior is consistent with zero within error and the standard
deviation of the posterior, σβ¯, and the SNR from the analysis of the PLANCK
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Experiment
Frequencies
(GHz)
Noise levels
(µK-arcmin) fsky β¯ σβ¯
S/N
Galactic FR
PLANCK 30,44,70 210,240,300 0.731. .21 63.80 0.02
BICEP2 100,150 3.4 0.01 0.71 25.09 0.04
SPIDER 90,150 10 0.1 0.59 23.11 0.04
QUIET 45,90 36 0.005 1.41 13.07 0.08
SPT3G 150,220 3.5,6 0.06 0.90 8.42 0.11
AdvancedACT 30,40,90,150,230 14,14,11,10, 35 0.5 1.03 0.73 1.36
CMB-S4 40-220 1 0.731. 1.00 0.04 22.73
SPT3G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.88 4.13 0.24
AdvancedACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.03 0.35 2.89
CMB-S4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.01 0.02 45.46
Table 3: Simulation results and estimates of the SNR expected using this method
to detect Galactic FR in the CMB. fsky refers to total sky fraction observed. Model
parameters taken from Bischoff et al. (2013), Chang (2013), Fraisse et al. (2013),
Calabrese et al. (2014), BICEP2 and Keck Array Collaborations et al. (2015), Planck
Collaboration et al. (2016a). The lower rows of SPT3G, AdvancedACT and CMB-S4
represent the parameters of the fit if all available multipole moments are used in the
correlation. This demonstrates that increasing fidelity at higher mulitpole moments
of the input maps will allow for stronger detections.
1. .73 sky fraction based on WMAP nine-year polarization analysis mask
data agrees with the expected level from simulation within a factor of ∼ 15%. The
disagreement may be a result of a spatial structure that exists in the noise covariance
map provided by PLANCK opposed to the RMS noise amplitude used in simulations.
The agreement between the simulated and actual Planck analyses supports the
predications made for other experiments as well.
2.7 Discussion
The simulations and analysis of this cross-correlation method for detecting FR in
the above sections have addressed two types of surveys. The all-sky survey, which
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provides large sky coverage, and the single field survey, which is limited in sky coverage
but can integrate to lower noise levels.
The simulation results and estimates of the expected SNR for various survey
configurations are displayed in Table 3. The analysis of these simulations is conducted
for 25 < ` < 250. We predict a signal near 2σ significance in AdvancedACT data and
a detectable signal at very high significance (> 10σ) in a future CMB-S4 experiment.
If we fit for 25 < ` < 384 (the full multipole resolution of the RM map), we find
an increase in statistical significance for SPT3G, AdvancedACT and the CMB-S4
experiments. This demonstrates that increasing spatial resolution of maps used in this
analysis will allow for stronger detections of this correlation. According to our analysis,
some experiments well suited to observing high CMB-multipoles like the KECK array,
SPT, and SPIDER are not good candidates for observing FR. These instruments,
while integrating to low noise depths, are observing in regions specifically selected for
their low foregrounds and as seen in Figure 12, FR is largest on the Galactic plane
and falls off quickly as Galactic latitude increases.
Compared to single-frequency FR power spectrum estimators, like De et al. (2013),
our expected signal-to-noise ratio using Planck-LFI data is greater by a factor of ∼ 30.
The single-frequency estimators must also consider weak lensing effects of the CMB
in order to accurately constrain their αRM estimator. Since lensing contains only
spatially dependent contributions (Lewis and Challinor, 2006) and no dependence on
frequency, the multi-frequency estimator considered here offers further advantages
for reducing uncertainty from lensing. The use of single frequency or multifrequency
estimators (De et al., 2013, Pogosian, 2014) is also able to estimate αRM`m from their
techniques. Although our cross-correlation results in the convolution of the polarized
CMB and αRM`m power spectra, this work can be extended to provide an estimate of
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the FR power spectrum, αRM`m , and to remove the effects of weak lensing on the FR
estimator.
A map space analysis of non-Gaussain fields like FR will provide knowledge not
accessible through the power spectrum. We can estimate the minimum polarized
sensitivity required by a CMB experiment to observe detectable Galactic FR in a
single pixel at 90 and 150 GHz using the maximum RM recovered by Oppermann
et al. (2015) of 2500 rad m−2.
We find that ∼ 1 degree precision for polarization angle measurements is necessary
to construct accurate maps of Galactic FR measure from CMB experiments. Even
more sensitive observations are required to estimate extragalactic and primordial FR
using CMB as a back-light. These sensitivities are currently beyond CMB experiments.
Planck Collaboration et al. (2015b) discuss the uncertainty in polarization angle
which results from what they describe as conventional fitting and Bayesian inferencing.
While some recovered angles show uncertainties below this threshold, the distribution
of uncertainties extends up to 45 degrees for Bayesian-derived angles and 100 degrees
for conventional estimation methods. These results are shown in Fig. B.1 in Planck
Collaboration et al. (2015b).
To achieve this level of sensitivity in a CMB experiment, we can estimate the
uncertainty level an experiment would require on polarized emission by propagating
the uncertainty in θ = 1
2
tan−1(U
Q
) and assuming equality in uncertainties of Q and U
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(∆Q = ∆U):
δθ2 = (
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dQ
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dU
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P 2
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P 4
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(2.26)
where P =
√
U2 +Q2 is the polarization amplitude, and σQU is the covariance
between Q and U . This requires sensitivity at the 1− 2% level in polarization signal
on a per pixel level when σQU → 0. In general, the presence of covariance between the
observed Q and U Stokes parameters will complicate the ability to achieve sub-degree
precision in polarization angle.
Through modelling and simulation, Planck Collaboration et al. (2016d) predict
that primordial magnetic fields of order 10nG will produce FR at comparable levels
to galactic FR. For fields of these strengths, sub-degree polarization angle sensitivity
and precise knowledge of galactic FR would be necessary to identify and characterize
effects from these primordial fields.
Until these sensitivity levels are reached, a cross-correlation can be used to identify
the Galactic FR contributions to polarized power in the CMB. This kind of cross-
correlation can also be used to verify the presence of FR from sources common to
polarized surveys. Only the contributions to FR from common sources observed by
both surveys [e.g. The CMB and Oppermann et al. (2015) maps here] will produce a
signal with this kind of correlation.
In conclusion, we expect current CMB experiments to be unable to detect FR even
through cross-correlation. Strong residual signal from CMB foregrounds like dust and
synchrotron radiation will need to be carefully removed from CMB in any analysis.
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AdvancedAct observations may be able to produce a statistically significant signal
(∼ 2 sigma) through a cross-correlation and the significance of the signal will increase
with the inclusion of higher multipole moments in the fitting of β¯. Intermediary
experiments that will have thermal noise similar to or lower than AdvancedAct may
exhibit increasingly significant signals through this correlation. Strong detections will
be possible with the construction of a future CMB-S4-type experiment.
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PREFACE TO CHAPTER 3
The following work is the result of research and analysis culminating in best
estimation of the 21cm power spectrum by the Donald C. Backer Precision Array for
Probing the Epoch of Reionization (PAPER) 64 element deployment. The results
themselves are written in a brief document which outlines the observation pipeline,
analysis methods and power spectrum estimation techniques. These upper limits result
from the re-analysis of the observations from the PAPER-64 element configuration
and are the most reliable results from the PAPER array to date.
The first iteration of power spectrum estimates from PAPER-64 are published in
Ali et al. (2015) (also referred to as A15). This analysis uses an Optimal Quadratic
Estimator (OQE) and empirically estimated covariance matrix to attempt to mitigate
residual foreground contamination. An OQE with a properly modeled covariance
matrix, is traditionally a lossless power spectrum estimator (Tegmark, 1997), however
Switzer and Liu (2014), Dillon et al. (2015), and even A15 note that the use of an
empirically estimated covariance matrix can cause over fitting of noise terms and
results in the loss of coherent signal.
Using a simulated signal injected into the data, A15 attempts to quantify the
amount of signal loss expected from the analysis by comparing the input known power
to the output power which uses the empirical covariance from both the data and
the injected signal to down-weight foregrounds. At a levels comparable to the power
spectrum estimate of just the data, this comparison yields a ∼ 2% loss from the known
signal.
This paper began as an extension of the analysis from A15 by applying the OQE
methods to the full redshift band of the same observations. However the power spectra
60
in other redshift bands failed to pass internal consistency checks like the comparison
with a theoretical noise estimator. Further simulations told a complex story of signal
loss hidden behind underestimated bootstrap and theoretical uncertainties. These
effects and the current power spectrum methodology to counteract signal loss is
documented in the collaboration paper Cheng et al (currently in prep.) and again
summarized in an erratum on Ali et al (currently in prep.) which also formally retracts
the previous upper limits. The following chapter will be the third paper in this series
and is presented here in the form of its initial submission. It presents what the PAPER
collaboration considers to be the definitive power spectrum estimates from PAPER-64.
These results supersede all previous PAPER limits.
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Abstract
We present limits on the 21cm power spectrum from the Epoch of Reioniza-
tion (EoR) from the Donald C. Backer Precision Array for Probing the Epoch
of Reionization (PAPER) 64 element configuration. In this work, we present an
analysis of the full PAPER 64 data set over the entire redshift range probed by
the instrument (z ∼ 7.5 to 11) and combine data from three unique baselines for
increased sensitivity. We report power spectrum limits in redshift bins centered
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at z = 10.87, 9.93, 8.91, 8.13, and 7.48 along with a re-analysis of the z = 8.37
bin from Cheng et al. (2018, in prep.). We find upper limits on the 21cm
power spectrum in the range 0.3 < k < 0.6 h Mpc−1 on ∆2(k) from PAPER 64
to be (650 mK)2, (450 mK)2, (390 mK)2, (250 mK)2, (280 mK)2, (250 mK)2
for the z = 10.87, 9.93, 8.91, 8.37, 8.13, and 7.48 redshift bands respectively.
Compared to the analysis of Ali et al. (2015), which used the same data set in
the z = 8.37 band, these results reflect lest stringent upper limits by a factor of
∼ 10 (in mK). We also demonstrate the importance of the foreground removal
technique to obtaining results over the full PAPER frequency (redshift) range.
These new limits incorporate important corrections to the PAPER data analysis
and power spectrum pipelines described in our companion paper (Cheng et al.
2018, in prep.) and the results supersede all previous PAPER results (Ali et al.
(2015) erratum).
3.1 Introduction
The Epoch of Reionization (EoR) represents the a major phase transition for
intergalactic hydrogen from a neutral to ionized state. In most models, this phase
transition is fueled by the first luminous bodies, which condensed from hydrogen
clouds and began heating and ionizing the surrounding Intergalactic Medium (IGM)
(Barkana and Loeb, 2001, Oh, 2001). Observational constraints constrain the timing
of this event to somewhere to the redshift range (12 < z < 6).
∗matthew.kolopanis@asu.edu
† Hubble Fellow
 NSF AAPF Fellow
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The 21cm photons emitted from the spin-flip transition of hydrogen are predicted
to be a strong probe of cosmic evolution during this time (Furlanetto et al., 2006).
For an in-depth review of the physics of 21cm cosmology, refer to Barkana and Loeb
(2007), Morales and Wyithe (2010), Loeb and Furlanetto (2013) and Pritchard and
Loeb (2010).
As observed from Earth, the 21cm line from the EoR is redshifted to wavelengths
comparable to FM Radio, and global telecommunications, among many other terrestrial
and astrophysical radio band emissions. Some foregrounds can be mitigated by
carefully selecting radio quiet zones to observe. Unfortunately, Galactic foregrounds
still dominate radio observations by 4 or 5 orders of magnitude compared to the
expected EoR signal. The foreground challenges faced by modern radio arrays are
discussed in detail in previous literature (e.g. Santos et al. (2005), de Oliveira-Costa
et al. (2008), Ali et al. (2008), Bernardi et al. (2009, 2010, 2013), Ghosh et al. (2011),
Pober et al. (2013) and Yatawatta et al. (2013)).
Detection of 21cm emission by the neutral hydrogen medium is the target of multiple
experiments including those aimed at a globally averaged total power measurement
(EDGES; Bowman and Rogers (2010), LEDA;Bernardi et al. (2016), SARAS; Patra
et al. (2015), BIGHORNS; Sokolowski et al. (2015), and SCI-HI; Voytek et al. (2014b))
and the fluctuations caused by heating, cooling, collapse, and ionization (GMRT;
Paciga et al. (2013), LOFAR1; Yatawatta et al. (2013), MWA2; Tingay et al. (2013),
and HERA3; DeBoer et al. (2016)).
1www.lofar.org
2mwatelescope.org
3reionization.org
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The Donald C. Backer Precision Array for Probing the Epoch of Reionization
(PAPER4; Parsons et al. (2010)) is an experimental interferometer with the goal of
placing some of the first limits on fluctuations.
Previous PAPER publications include the PAPER 8 station results (Parsons et al.,
2010), the PAPER-32 element power spectrum estimates (Parsons et al. (2014), Jacobs
et al. (2015), Moore et al. (2017)), the PAPER-64 element power spectrum estimates
(Ali et al. (2015); hereafter A15), and our companion paper (Cheng et al. (2018, in
prep.); hereafter C18).
The PAPER experiment observed in stages, with the number of antennas increasing
by factors of two each year. The 64 antenna experiment was analyzed initially in A15
and again in C18.
Through the rigorous re-analysis in C18, we have identified a major cause of signal
loss in power spectrum estimation with an Optimal Quadratic Estimator (OQE).
Signal loss is the unintentional removal of coherent signal during analysis. This results
from the use of empirically estimated covariance matrices as a weighting matrix in a
QE. An empirically estimated covariance matrix contains terms related to the data,
this dependence induces higher order (i.e. non-quadratic) terms in a QE. Applying
the OQE normalization despite these terms then gives the wrong power level (i.e.
signal loss). This effect is described more thoroughly in Section 3.1.1 of C18. This
analysis also found the previous bootstrapping method to underestimate the variance
in our power spectrum estimator. These effects compounded in our analysis in A15 to
form a severely underestimated upper limit on the 21cm power spectrum. C18 used
an updated thermal uncertainty model to help inform the analysis and identify these
shortcomings.
4eor.berkeley.edu
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Figure 17: The antenna positions of the PAPER 64 element array. Highlighted are
the three baseline types used in this analysis. These baselines consist of East-West
baselines from adjacent antenna columns with no row separation (blue line [O type]; e.g.
49-41, 1-4, 0-26), baselines with one column separation and one positive Northward
row separation (orange line [E+ type]; e.g. 10-41, 1-48, 0-38), and baselines with one
column separation and one negative Northward row separation (red line [E- type]; e.g.
49-3, 1-18, 0-46). Note the aspect ratio of this plot has been exaggerated in order to
easily highlight the different baseline types.
In this paper, the updated analysis techniques described in C18 have been applied
to the full redshift range probed by the PAPER instrument (z ∼ 7.5 to 11). We use
this extended redshift range to examine the performance of the OQE and revised
signal loss correction under various foreground conditions. We find similar subtraction
residuals can be achieved using multiple foreground filtering techniques. Using a
combination of foreground filtering techniques, we provide revised upper limits on the
21cm power spectrum from PAPER. The upper limits reported in this paper represent
the most confident results achieved by the PAPER instrument to date and supersede
all previous results (A15 erratum).
This work is organized as follows: we briefly review the data used in this analysis in
section 3.2 (it is the same as both A15 and C18). In section 3.3 we review the revised
power spectrum estimation techniques and uncertainties. The multi-redshift power
spectrum results are presented in section 3.4 and discussed in section 3.5. Finally, we
provide some concluding remarks in section 3.6.
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Figure 18: The frequency bands used in this analysis plotted over the total fraction of
data not flagged in each frequency bin. All frequency bands used in this analysis have
been shown. The red area near 150 MHz the z = 8.37 band used in C18 and A17.
This redshift bin is included in order to properly compare with previous works, but it
is worth noting the information obtained from this bin is not entirely independent
from the two redshift bins with which it overlaps.
3.2 Data
For a complete review of the observation, reduction, and analysis steps of PAPER
data prior to power spectrum estimation we refer to A15. We will provide a brief
review below.
The PAPER 64 element array antennas were arranged in an 8×8 grid as illustrated
in Figure 17. Due to the highly redundant configuration of this array, most of the
observed sky power is captured by the three shortest baselines types. These are the
same three baseline types used in A15, and are illustrated in Figure 17. These three
baselines consist of a 30 m East/West baselines labeled here as “O” (the baseline
analyzed in C18), a 30.3 m baselines with a positive North/South offset of 8◦ labeled
at E+, and a 30.3 m baselines with a negative North/South offset of 8◦ labeled as
E-. Three antennas (19, 37, and 50) have been flagged due to higher levels of spectral
instability and were also flagged in A15. PAPER 64 observed for 135 nights between
2012 November 8 (JD 2456240) and 2013 March 23 (JD 24563745).
Data is first calibrated redundantly using log calibration and linear calibration
techniques (Liu et al., 2010, Zheng et al., 2014, Dillon et al., 2017). An imaging-based
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flux density calibration is applied using Pictor A fluxes derived from Jacobs et al.
(2013) as described in A15.
Calibration is followed by the application of a wide-band delay filter as described
in Parsons et al. (2014) which uses a iterative deconvolution algorithm to model
spectrally smooth sky components5. These smooth spectral components are then
subtracted from the original visibilities (Parsons and Backer, 2009, Parsons et al.,
2014) followed by another round of RFI filtering to remove interference revealed below
the level of the foregrounds. The foreground filtered and RFI flagged data is then
binned in Local Sidereal Time (LST).
The final analysis step before power spectrum estimation is the application of a
fringe-rate filter (FRF) as described in Parsons et al. (2016). This time domain filter
passes modes with fringe rates corresponding to sky-like rates of motion. Each fringe
rate is constant along a great circle on the sky making a cut through PAPER’s wide
primary beam. In the filter, each fringe rate bin is given a weight corresponding to the
beam power integrated along the line of constant fringe rate. This weighting provides
the highest possible coherent integration in time (Parsons et al., 2016). In this way
this type of integration can be thought of as performing an operation analogous to
binning in uv space, albeit with a non-square grid. The filter also explicitly nulls zero
fringe rates which are contaminated by cross-talk between antennas. We apply the
optimal FRF as computed from the primary beam of PAPER. This contrasts the filter
used in A15 which was slightly altered in shape to increase the number of final LST
5This process is referred to in other PAPER works as a “CLEAN-like iterative deconvolution.”
While the algorithm is based on the iterative modeling and subtraction image deconvolution algorithm
(Högbom, 1974) here it is used in a one dimension sense to remove the convolution function induced
by the finite Fourier transform and RFI flagging. Further clarification can be found in Kerrigan et al.
(2018) where the use of the TH filter with CLEAN was recently revisited.
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Figure 19: Waterfalls of visibility amplitude after application of two foreground
filtering methods plotted versus LST and Frequency for a representative O type
baseline (antenna pair 0 and 26). The difference is in the method of building a
delay-space foreground model which has low leakage beyond the horizon. On the left a
Blackman-Harris (BH) function was multiplied onto the spectra before delay filtering
while data on the right have uniform weighting (Top-Hat or ‘TH’) but the iterative
CLEAN algorithm has been used to build the delay model. The BH windowed data
shows a sharp increase in amplitude near the band edges, a factor of 100 higher at the
lower frequencies. This significant residual is a useful testing ground for foreground
minimizing quadratic estimators but ultimately the TH window proves to be a simpler
way to minimize foregrounds.
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bins. The resulting total integration time of an LST bin after the application of the
optimal FRF in this work is 3857 s.
For the power spectrum estimation in this paper, we select data from the LST
range 00h30m00s − 08h48m00s for our analysis6.
The previous PAPER multi-redshift analyses Jacobs et al. (2015) and Kerrigan
et al. (in review) note that weighting spectra by a Blackman-Harris (BH) window
before delay filtering provides low foreground residuals in the center of the PAPER
bandpass (z∼8). The BH weighting is favored because it minimizes sharp edges at the
band edges giving a very high dynamic range delay space point spread function and
therefor low leakage of delay modes beyond the horizon. Therefore the consequence of
down-weighting the edge of the band is that the subtracted model performs poorly
in those areas, particularly at low frequencies where foregrounds are the brightest.
Kerrigan et al. (in review) notes success using uniform weighting across the full
band (ie Top-hat or ‘TH’). Figure 19 shows data from both wideband delay windows
after the application of the FRF for the LST range used in this analysis. Both data
sets show similar amplitude in the middle of the band (near ν = 150 MHz) but the
Blackman-Harris data shows a sharp increase in amplitude near the band edges while
the Top-Hat data is roughly constant across the band. The ∼ 2 orders of magnitude
between the amplitude of both data sets below ν = 120 MHz implies the TH windowed
data is better suited for power spectrum estimation at high redshifts.
6Note that LST range here is slightly different from A15. Besides the LST range and the shapes of
the FRFs applied in this work and A15, the data and processing prior to power spectrum estimation
are identical.
70
Table 4: PAPER 64 Theoretical Noise Estimate Values
Term Description Value Units
X2Y Conversion from interferomet-
ric (u, v, η) to cosmological
(k⊥,x, k⊥,y, k‖)a
6.04× 1011 (1+z
10
)2.5 Mpc3
h3str GHz
Ωeff Effective beam areab .742/.24 str
Tsys System Temperature 180
(
ν [GHz]
.18
)−2.55
+ Trcvr K
Trcvr Receiver Temperature 144 K
Nlst Number of effective LST bins 8
Nsep Number of independent baseline
types
3
tint Integration time of LST binc 3857 s
Ndays Number of effective days used in LST-
binning
34
Npols Number of polarizations combined in
analysis
2
Nbls Number of effective baselines 42
a This value is also a function of the assumed background cosmology. See Furlanetto
et al. (2006) for more information
b The effective beam are is influenced by the choice of fringe rate filter applied(Parsons
et al., 2016). This value computation is also found in appendix B of Parsons et al.
(2014).
c This value is computed as the Equivalent Noise Bandwidth (ENBW) of the FRF
applied to the data. See C18 and Parsons et al. (2016) for more information
3.3 Power Spectrum Estimation
Even after foreground removal and FRF application, residual correlations between
frequencies and LSTs can manifest as highly significant detections during power
spectrum estimation. Since we believe our thermal noise limit exceeds the amplitude
of a fiducial 21cm power spectrum by orders of magnitude, we assume these residuals
do not result from cosmological signals but instead foregrounds and other systematics
not removed during data processing.
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One way to reduce these residual contaminations is with the Optimal Quadratic
Estimator formalism originally adopted for the Cosmic Microwave Background power
spectrum (Tegmark, 1997) and then adapted to 21cm by Liu and Tegmark (2011) and
Liu et al. (2014a,b).7 This type of estimator is discussed in the context of imaging
type arrays Trott et al. (2012), Dillon et al. (2013), Dillon et al. (2015), and has served
as the basis of PAPER results in A15, and C18.
The QE previously used in A15 defines an un-normalized power for between data
sets x1 and x2 in the β-th k-bin, qˆβ, as
qˆβ =
1
2
(R1x1)
†Qβ (R2x2)
=
1
2
x†1R
†
1QβR2x2
(3.1)
where the x1 and x2 corresponds to odd and even Julian Dates respectively or vice
versa, dagger indicates the complex conjugate and transpose operation, Ri is an
arbitrarily8 chosen weighing matrix for data vector i, and Qβ is a matrix operator
which performs the Fourier transform along the frequency dimension of our data and
bins the data into the β-th k-bin.
Since the QE formalism allows for a choice of weighting matrix, R, to apply to
time ordered data before power spectrum estimation, we use a regularized empirical
covariance matrix to down-weight any residual foregrounds in our data. We choose
7The Quadratic Estimator can provide an estimate with a SNR that is theoretically the best one
can do and is often referred to as an Optimal Quadratic Estimator. However this optimality requires
exact knowledge of all cosmological and foregrounds signals, noise contributions and instrumentally
induced correlations. Furthermore this optimality is only true in a narrow theoretical sense and
should not be mistaken for a claim of broad optimality across all methods.
8This matrix can be chosen arbitrarily; however the power spectrum estimation must also be
normalized later which depends on the choice of matrix. For an Optimal Quadratic Estimator, this
matrix must be the true underlying covariance matrix.
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the regularization
R = (Cemp + γTr[Cemp]I)
−1 (3.2)
where Cemp is the empirically estimated covariance, I is the identity matrix, Tr is
the trace operator, and γ is a scalar factor. The empirically estimated covariance is
computed as
Cemp = 〈xx†〉LST (3.3)
averaged over the 8 hours of LST analyzed. This choice of weighting will down-weight
any signals which correlate highly between frequency channels but will scale as the
identity when there is little correlation. The use of empirical covariance weighting
We choose a scale factor γ to minimize the final power spectrum estimation after
accounting for signal loss, as discussed in Section 3.1.4 of C18. The exact regularization
used is set as γ = 0.035.
The OQE uses the true underlying covariance maxtrix C which requires a priori
knowledge of all foregrounds, thermal uncertainties, and systematics. Estimating
the covariance empirically fundamentally violates this assumption and as a result
the covariance matrix can correlate otherwise statistically independent sky modes.
This correlation will cause these modes to be down-weighted during power spectrum
estimation resulting in signal loss (Switzer and Liu, 2014, Dillon et al., 2015). When
performing power spectrum estimation with an empirically estimated covariance
matrix, additional analysis is required to identify and counteract signal loss. This is
achieved in Dillon et al. (2015) through eigenmode filtering and by applying empirical
covariance matrices not dependent on the data to which it is applied. In this work,
we counter act signal loss through our choice of covariance regularization and signal
injection simulations.
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The foreground filtered data span the redshift range 12 to 6. The amount of
evolution happening through this time is not known though constraints from EDGES
high suggest that evolution is probably slower than a dz (total change in redshift) of 1-2
(Monsalve et al., 2017). In the data set here, a practical limitation comes from a desire
to avoid including channels with significant flagging. Bands with mostly continuous
spectral sampling can be found if at the redshifts z = 10.87, 9.93, 8.91, 8.13, and
7.48 (119.7, 130.0, 143.3, 155.6, and 167.5 MHz respectively) in windows 10 MHz
wide. These bands are illustrated visually in Figure 18.
As a validation check we also include a reprocessing of the z = 8.37 bin centered
at 151.7 MHz which was analyzed A15 and C18. The only difference is that now three
baseline types (as opposed to the single baseline type in C18) have been included.
3.3.1 Power Spectrum Uncertainties
Power spectrum errors can come from thermal, instrumental, and terrestrial (RFI)
sources. Those with a known covariance (like thermal noise) can be propagated
through the data processing and power spectrum estimation steps into an estimated
error bar. The other sources are much harder to estimate from first principles. The
net variance in the data can be estimated by bootstrapping, estimating many power
spectra from subsets of data and then calculating the variance of these estimates. In
the redundant PAPER array, the axis most amenable to bootstrapping is the selection
of baselines which are cross multiplied to get a power spectrum.
Specifically,we randomly distribute and average individual baselines into 5 groups,
then perform the power spectrum estimation by cross multiplying each combination of
baseline groups. The final estimate is the average over all products and the time axis to
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get a single spectrum vs k.9 Repeat this process selecting different baseline groups to
find new realizations of the power spectrum. The variance of these bootstrap samples
is interpreted as the uncertainty in the power spectrum estimation. We perform this
bootstrap estimation to probe the underlying distribution of allowed values given our
observed values (Efron and Tibshirani, 1994, Andrae, 2010).
As discussed in Liu et al. (2014a,b), when estimating the power spectrum estimated
in the regime k‖ >> k⊥, the delay axis (the Fourier dual to frequency) can (to a good
approximation) be re-interpreted as the cosmological k‖ axis. As a result, following
the derivation in (Parsons et al., 2012) and usage in Pober et al. (2013, 2014), the
theoretical uncertainty in the power spectrum estimate in the delay space can be
written as
Pn(k) =
X2Y ΩeffT
2
sys
tintNdaysNblsNpols
√
2NlstNsep
(3.4)
where X2Y converts from interferometric units to cosmological units, Tsys is the system
temperature, Ωeff is the effective size of the primary beam in steradians (Parsons
et al., 2014), Nlst is the number of independent LST samples, Npols is the number of
polarizations used in the analysis, tint is the integration time of an LST sample, Ndays
is the effective number of days used in LST binning, Nbls is the effective number of
baselines combined, and Nsep is the number of independent baseline types .
This equation does assume the uncertainty has no temporal dependence and
the beam has no variation across the band where power spectrum is estimated.
As an aid to future repeatability, the values used here are listed in Table 4. The
calculation is documented as a python module called 21CMSENSE_CALC available at
github.com/dannyjacobs/21cmsense_calc. See C18 for further discussion of this
calculation and how it has been updated from A15.
9This technique is described in more detail in Section 3.2.2 of C18.
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3.3.2 Signal Loss Estimation
One undesirable impact of many foreground mitigation strategies is the unintended
removal of some fraction of desired background signal. In most cases the strategy
is to measure the amount of loss using simulated data products. However in most
cases the amplitude of the observed excess was significant at only a few sigma after
integration over the entire season making it difficult to build a sensible model of
foreground excess. One strategy that doesn’t require a model of the data is to inject
a simulated EoR-like signal into the data and ask the question of when that injected
signal could be detected as a proxy for the actual underlying signal.
Under the QE framework when the foreground covariance is estimated using the
same data providing the power spectrum answer, the signal loss has the potential for
being very large. In C18 several factors were identified as contributing to a larger than
originally estimated loss in the A15 power spectrum method. Most significant was
that in the interpretation of signal injection cross terms between injected signal and
data were assumed small, but are in fact large and negative. C18 provides a detailed
analysis of the causes of signal loss and outlines a revised method for recovering power
spectrum limits using injected EoR simulations.
The injection process is performed in parallel with the error bootstrap by adding
a different realization of simulated 21cm signal into each bootstrap. Doing this for
a range of injected power levels, one can construct the likelihood that the data are
consistent with the injected power. Using Bayes’ theorem, this likelihood can then be
interpreted in the reverse to find the posterior probability of a range of 21cm power
levels given the data.
Three power spectra are produced by this process:
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I. A uniform weighted power spectrum (the result of a frequency FFT or using
the identity as R in Equation F.2)
II. the uncorrected lossy power spectrum
III. an upper limit on injected power which is the 97.5% confidence limit on the
posterior
The uniform weighted and lossy power spectra also provide useful consistency checks.
Comparing the uniform weighted power spectrum to derived upper limit evaluates
the effectiveness of the chosen weighting scheme at suppressing residual frequency-
frequency correlations in the data. The lossy power spectrum can be used to check
whether the variation in the output power spectra between different k-modes are
consistent with thermal noise fluctuations around a predicted signal or around zero if
no underlying signal is expected. This last check is useful in identifying bias in power
spectrum estimation and determining the extent of signal loss between these points
and the limits derived from the posterior. Other standard data products produced by
the pipeline include all of these same outputs for a noise simulation which models the
time and frequency dependent sampling of the lst-binned data set.
3.4 Multi-Redshift Power Spectrum Results
Power spectra at the selected redshifts are shown for two foreground filtering
methods in Figure 20 and Figure 21, data points are given in Table 5.
Comparing the BH windowing Figure 20 with the TH windowing Figure 21 filtering,
the advantage of the latter at low frequencies is immediately apparent. What is also
notable is the regime in which QE weighting is effective.
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Figure 20: The multi-redshift power spectrum estimators from the data which used
a BH wideband window in delay filtering. All three baselines are combined in an
unweighted averaged after power spectrum estimation. All error bars are 2σ. Data
points are the output of the QE with R weighting and the limits are the 97.5%
confidence limit of the posterior. Green lines indicate the theoretical thermal noise
estimate for each redshift bin as computed with Equation 3.4. The weighted power
spectra are computed using weighting in Equation 3.2 with the γ = 0.035. The dotted
line indicates the horizon for a 30 m baseline or the light travel time between the
antenna in each baseline. The uniform weighted power spectrum estimators exhibit a
sharp rise in amplitude at the lower redshift bands. This corresponds to the band
edges in Figure 19 where the amplitude of the data rises sharply. The R weighted
QE successfully suppress these residual signals by multiple orders of magnitude in the
z = 10.87 band and with less suppression in the z = 9.93 band. For the remaining
redshift bands where the data amplitudes are lowest in the waterfalls, the upper limits
from the R weighted QE shows no major improvements over the uniformed weighted
QE outside of the horizon.
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Figure 21: The multi-redshift power spectrum estimators from data which used a TH
wideband window in delay filtering. All lines are the same as Figure 20 The uniform
weighted power spectrum estimators show no large dependence on frequency. This is
consistent with the relatively flat amplitudes of the data shown in Figure 19. Similar
to the BH windowed data, the R weighted QE provides no major decrease in the
upper limits compared to the uniform weighted power spectra above the horizon. The
TH windowed data does show more k-bins consistent with zero at 2σ compared to the
BH windowed data.
3.4.1 QE foreground mitigation
The foreground filtering used in C18 is windowed with a Blackman-Harris window
function before being Fourier Transformed from frequency to delay space and the
iterative deconvolution algorithm used to model smooth delay modes. In the three
lowest redshift bands (all of which are near the center of the instrument bandwidth)
the QE estimate improves on the unweighted estimate by only a small factor at best.
However, as was noted in Jacobs et al. (2016) for the BH window, significant
residuals remain at the lowest frequencies. The amount of residual is apparent in
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the uniform weighted power spectra which exhibit a sharp rise in amplitude at the
highest redshift bands. This corresponds to the band edges in Figure 19 where the
amplitude of the data rises sharply. Here, the R weighted QE successfully suppresses
these residual foregrounds by multiple orders of magnitude in the z = 10.87 band and
with less suppression in the z = 9.93 band.
Unsurprisingly, the “empirical covariance” QE method works best where foreground
covariance dominates. The range of foreground residuals available spans a range of
amplitudes from 10,000x to 10x the noise. At the highest power (in the z = 10.9 bin),
the QE weighting is able to decrease the total power level by a factor of 50, however
when foregrounds are closer to the noise, it is less effective.
3.4.2 Upstream foreground mitigation
Though the QE method is somewhat effective at reducing foreground bias its
potency is limited in dynamic range as can be seen in Figure 21.
The uniform weighted power spectrum estimators show no large dependence on
frequency. This is consistent with the relatively flat amplitudes of the data shown in
Figure 19. Similar to the BH windowed data in the middle redshifts, the R weighted
QE provides no major decrease in the upper limits compared to the uniform weighted
power spectra. Additionally the TH windowed data shows more k-bins consistent
with zero at 2σ compared to the BH windowed data.
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3.4.3 Validation against C18
As a check on the repeatability of analysis, we also compute the power spectrum in
the z = 8.37 redshift band analyzed in C18 and A15. The power spectrum estimators
for both sets of data analyzed above are displayed in Figure 22. The upper limits
presented here show a factor of ∼ 10 increase in mK compared to those in A15. These
levels are consistent with the analysis performed in C18 and the slight differences in
the power spectra result from the inclusion of all three baseline types in this analysis
compared to C18 with only used the O type baseline.
3.5 Discussion
Near the horizon (k ∼ 0.06 h Mpc−1), all power spectrum estimators have de-
tections with high significance. As discussed above the relative amplitude of these
detections is consistent with the shape of the broadband BH or TH weights applied
in the foreground delay filter. However an interesting question remains: what is the
origin of the excess occuring well outside the edge of the wedge? Consider the TH
filtered power spectra which give, on average, the best limits. Beyond the horizon,
the posterior limits are consistently higher than noise by an order of magnitude in
mK2. Yet the lossy power spectrum estimators are consistent with zero. Together
these imply the variance in the data is larger than that expected purely from thermal
fluctuation rather than some kind of bias or detection. The latter would manifest in
the lossy power spectrum estimators being highly significant detections possibly with
some discernible pattern as a function of k.
One possible source of this excess could be non-redundancy between baselines.
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Figure 22: Left: The power spectrum estimator from data filtered using a BH window
in the delay filtering. Right: The power spectrum estimator from data filtered using
a TH window in the delay filtering. In both figure: The power spectra are combined
in an unweighted averaged over all three baseline types. All lines are the same as in
Figure 20. The BH wideband window is optimized for analysis in the band and as
a result should slightly outperforms the TH window in the uniform weighted power
spectra. The TH windowed data does however exhibit slightly lower power inside the
horizon and as a result, the TH windowed data is used as the preferred windowing for
the power spectrum estimation. Both sets of data have a similar number of k-bins
consistent with zero, and similar to other redshift bands with low amplitude the R
weighted power spectra show no major decrease in the upper limits compared to the
uniform weighted power spectra.
Recall that antenna-based calibration by omnical assumes that all baselines are
perfectly redundant, ie identical baseline vectors and primary beam responses to the
sky.
Clearly there are foreground residuals, as evidenced by the significant detections
just outside the wedge. Any deviations from redundancy would manifest as slightly
different foregrounds. Each bootstrap selection baselines into groups would result
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in different net foregrounds. When cross multiplying different groups together, the
non-redundant foregrounds could be positive or negative variation resulting in large
error bars in the bootstrap result.
While the QE can provide suppression of highly significant signals, foreground
removal upstream of final power spectrum estimation shows improved performance
over the QE. As such, it is prudent to optimize foreground removal in a data set to
the redshift band of interest. This is evident especially in the z = 10.87 redshift band.
The BH data displays a large amplitude in the uniform weighted power spectrum and
the R weighted QE estimator produces limits ∼ 2 orders of magnitude below the
uniform weighted power spectrum limits. However, the uniform weighted TH power
spectrum produces a limit a factor of 10 better than that.
The lowest upper limits in each redshift band, in the spatial scale range 0.3 < k <
0.6 h Mpc−1 are (650 mK)2, (450 mK)2, (390 mK)2, (250 mK)2, (280 mK)2, (250 mK)2
for the for the z = 10.87, 9.93, 8.91, 8.37, 8.13, and 7.48 redshift bands respectively.
These upper limits represent a significant increase over prior limits published by the
PAPER instrument (a factor of ∼ 10 in mK) and supersede all previous PAPER
limits. They also exceed the expected amplitude of a fiducial 21CMFAST10 model by a
factor or ∼ 100 in mK (Mesinger et al., 2011).
3.6 Conclusion
Using revised analysis methods we estimate the 21cm power spectrum in 5 redshift
bins.
These results represent our highest confidence results and supersede all previous
10github.com/andreimesinger/21cmFAST
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PAPER power spectrum results. This includes results from PAPER-32 (Parsons
et al., 2014, Jacobs et al., 2015, Moore et al., 2017) which used a different covariance
estimation technique in their QE but have not been subjected to the rigorous re-
analysis from C18. The constraints on spin temperature of Hydrogen made by Pober
et al. (2015) and Greig et al. (2016) based on the previously published upper limits
should also be disregarded. Though we do not place significant constraints on the
IGM temperature, we would like to note their analysis will still be relevant should
any future limits on the 21cm power spectrum be placed similar to the original limits
from A15.
Though the limits have increased, because the error bars scaled proportionally the
significance remains roughly the same. As before, the best limits have low significance
foreground detections both inside and outside the EoR window. The origin of these
weak sources of leakage remains an open question.
The current best limits from many 21cm experiments in the k−ranges reported
by each instrument are displayed in Figure 23. With the inclusion of this work, the
best limits from many experiments are all closely approaching 104 mK2 across many
redshifts.
To date, all power spectrum estimates have been reported as upper limits. However,
to discern and characterize the physics of reionization, high significance detections of
the 21cm power spectrum are necessary. Next generation radio telescopes, like the fully
realized 350 element configuration of HERA (Pober et al., 2014, DeBoer et al., 2016,
Liu and Parsons, 2016) and the future Square Kilometre Array (SKA; Mellema et al.
(2013)), are predicted be able to make these detections and put stringent constraints
on reionization.
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Figure 23: A comparison of the lowest limits achieved by various instruments in the
k-ranges reported by each instrument. The results from this work are taken in the
range 0.3 ≤ k ≤ 0.6 h Mpc−1. Data is taken from the MWA (stars; Dillon et al. (2014,
2015), Beardsley et al. (2016)), the GMRT (pentagon; Paciga et al. (2013)) LOFAR
(hexagons; Patil et al. (2017)) and PAPER (diamonds; This work). The addition of
the data values from this work includes the z = 8.37 redshift bin analyzed in C18. It
is worth nothing this redshift bin is not entirely independent from the z = 8.13 and
8.91 bins. This can be inferred from the overlapping window functions from Figure 18.
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Table 5: PAPER Multi-redshift Power Spectrum Value
k redshift ∆2 TEa TS TDc Bb BS BDc
hMpc−1 mK2 mK2 σ mK2 σ
0.1 10.86 36200 1300 57.89 Det 197600 0.37 Ulim
0.2 10.86 28000 10000 5.60 Det 268600 0.21 Ulim
0.3 10.86 56800 33800 3.37 Det 366000 0.31 Ulim
0.4 10.86 86000 80000 2.15 Det 403500 0.43 Ulim
0.5 10.86 232800 156300 2.98 Det 1057200 0.44 Ulim
0.1 9.92 25300 900 58.63 Det 158700 0.32 Ulim
0.2 9.92 22500 6900 6.52 Det 158000 0.29 Ulim
0.3 9.92 29600 23300 2.54 Det 175200 0.34 Ulim
Continued on next page
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Table 5 – continued from previous page
k redshift ∆2 TEa TS TDc BEb BS BDc
hMpc−1 mK2 mK2 σ mK2 σ
0.4 9.92 52600 55200 1.91 ULim 327800 0.32 Ulim
0.5 9.92 148200 107900 2.75 Det 589200 0.50 Ulim
0.1 8.91 13300 600 47.49 Det 92600 0.29 Ulim
0.2 8.91 11900 4500 5.32 Det 51200 0.47 Ulim
0.3 8.91 27300 15100 3.61 Det 139700 0.39 Ulim
0.4 8.91 32900 35900 1.83 ULim 180800 0.36 Ulim
0.5 8.91 60500 70100 1.73 ULim 226900 0.53 Ulim
0.1 8.36 10400 500 45.99 Det 49800 0.42 Ulim
0.2 8.36 8600 3600 4.71 Det 48700 0.35 Ulim
0.3 8.36 12200 12300 1.99 ULim 51400 0.47 Ulim
0.4 8.36 21500 29100 1.48 ULim 129500 0.33 Ulim
0.5 8.36 44300 56700 1.56 ULim 159900 0.55 Ulim
0.1 8.12 10600 400 51.71 Det 106600 0.20 Ulim
0.2 8.12 10600 3300 6.44 Det 53300 0.40 Ulim
0.3 8.12 15100 11100 2.72 Det 65300 0.46 Ulim
0.4 8.12 36300 26400 2.75 Det 161500 0.45 Ulim
0.5 8.12 64200 51500 2.49 Det 374500 0.34 Ulim
0.1 7.48 16700 300 106.76 Det 94800 0.35 Ulim
Continued on next page
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Table 5 – continued from previous page
k redshift ∆2 TEa TS TDc BEb BS BDc
hMpc−1 mK2 mK2 σ mK2 σ
0.2 7.48 5300 2500 4.24 Det 29800 0.36 Ulim
0.3 7.48 12900 8500 3.05 Det 52000 0.49 Ulim
0.4 7.48 27300 20000 2.73 Det 92600 0.59 Ulim
0.5 7.48 51100 39100 2.61 Det 197700 0.52 Ulim
The table column names are defined as follows: TE - Theoretical Error, TS
- Theoretical Sigma, TD - Theoretical Detection, BE - Bootstrap Error, BS -
Bootstrap Sigma, BD - Bootstrap Detection
All data in this table comes from the Top-Hat windowed data.
The lowest limits achieved by PAPER-64 combined from both filtering tech-
niques.The “theoretical error" is the Analytic 2 sigma (green line) from Figure 21,
bootstrap error comes from the errorbars from the same figure as the filter in the
table. Theoretical detection column values are Det(detection) if the significance
of the values of ∆2 is greater than 2σ when compared to the theoretical error at a
1σ level. The bootstrap detection column is the same but significance computed
with the bootstrap error bar.
a Theoretical Error calculated with Equation 3.4.
b All error bars are 2σ.
c Det indicates a measurement and error-bar inconsistent with zero, ULim indicates
consistency with zero at 2σ.
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Chapter 4
OPTIMIZING LOW FREQUENCY ARRAY DESIGN
As foregrounds are observed through the instrument additional chromatic effects
manifest in the 2-Dimensional power spectrum space in what is colloquially called
"the wedge."
The exact shape and extent of these foreground modes are strongly dependent on
instrument configuration and can be mitigated through optimizing antenna placement
and spectral stability. Here I investigate the degree to which foregrounds contamination
can be minimized through array design. Essentially this sections asks the question:
"is it possible to build a radio interferometer that is insensitive to foregrounds?" I
begin by reviewing what constitutes foregrounds for these arrays, and constructing
metrics to compare the performance of different arrays.
The radio sky is dominated by Synchrotron emission from our Galaxy. This signal
is present at levels 4 to 5 orders of magnitude greater in brightness temperature than
the underlying cosmological signal 21cm experiments aim to observe (Morales and
Wyithe, 2010, Pritchard and Loeb, 2012). This foreground emission is spectrally
smooth compared to the expected structure of the underlying 21cm signal and given
no further assumptions, it should be possible to separate these two signals in the
Fourier Space dual to frequency.
This effect is illustrated by the cartoon in Figure 24. The spectrally smooth
foregrounds dominate emission from the EoR by orders of magnitude at low frequencies.
When moving to Fourier Space, after applying a Blackman-Harris window, the EoR
signal becomes discernible at high Fourier modes.
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Figure 24: A cartoon depicting how EoR signal can be discerned from the dominating
foreground emission. In both images, blue represents the spectrally smooth diffuse
foregrounds and black is the underlying EoR signal.
Top: The spectrally smooth foregrounds dominate emission from the EoR by orders
of magnitude at low frequencies.
Bottom: Power from both the EoR signal and the foreground plotted on a logarithmic
axis. Power is calculated after applying a Blackman-Harris window, and a Fourier
Transform over a 10 MHz band centered at 150 MHz of the toy model in the upper
panel. Despite the orders of magnitude difference in the emission of the foreground,
the EoR signal becomes discernible at high Fourier modes.
Many analysis pipelines attempt to exploit this fact in what is known as a "fore-
ground avoidance" power spectrum estimation technique (Dillon et al., 2013, Parsons
et al., 2014, Trott, 2014, Ali et al., 2015, Dillon et al., 2015, Jacobs et al., 2016,
Trott et al., 2016). However by intentionally omitting modes significant sensitivity
is lost. Perhaps even more significant, the highly chromatic filter used in some of
these pipelines also removes power from the desired signal in both a frequency and
scale dependent way. This is particularly detrimental to imaging and cross-correlation
applications (Beardsley, 2015).
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The ideal theoretical case quickly becomes complicated by actual observations.
Through numerous kinds of "instrumental mode mixing" (Bowman et al., 2009,
Parsons et al., 2012) the low Fourier modes to which foregrounds are theoretically
confined leak to higher k-modes. This effect has been observed in both simulation and
observations (Datta et al., 2010, Morales et al., 2012, Vedantham et al., 2012, Trott
et al., 2012, Hazelton et al., 2013, Pober et al., 2013, Thyagarajan et al., 2013, 2015b,a,
Pober et al., 2016, Barry et al., 2016). The sampling density in the (u, v) plane also
directly influences the the variation of information caused by "Multi-Baseline Mode
Mixing" (Hazelton et al., 2013), an effect where a small number of samples can bias
power spectrum estimation in gridded pixels.
4.1 Assesing Chromatic Foregrounds in Fourier Space
Observations of otherwise spectrally smooth foregrounds can gain spectral structure
from a number of effects (e.g. a variable bandpass with ripples) but the largest
contributing factor is simply due to the arrangement and density of antennas. This
dependence can be more intuitively understood by considering a simple exercise of
two baselines.
Each baseline inherently samples a Fourier mode of the sky image. When these
modes are combined together on a grid the sky can be reconstructed through a
Fourier Transform. The contribution to the phase of the visibility from each source
measured depends on the source’s position in the sky and also on the apparent length
of each baseline in wavelengths. The apparent length of a baseline, |u|, is the physical
separation of the antennas, |b|, measured in wavelengths (|u| = |b|ν
c
). This effect is
illustrated by the cartoon in Figure 25
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Figure 25: A cartoon illustration of how baselines measure different Fourier Modes
with frequency. For both images the baseline lengths in wavelengths (dashed black line)
is plotted as a function of frequency. Overplotted on each baseline are representative
boxes of the frequency sampling of an instrument.
LEFT: Baselines measure different mode and variation of the underlying signal with
frequency.
RIGHT: Plotted here are the representative values measured by each baseline gridded
into the uv plane. Fourier Transforms are taken directly along the frequency axis.
Variations in the sampling of the underlying source structure casued by poor uv-
sampling causes power to leak towards high k-modes. Figure adapted from Morales
et al. (2012) and Beardsley (2015)
For the remainder of this discussion, it is sufficient to consider how the wedge
develops from the basic sampling of baselines in the (u, v, f) cube and how it affects
the Fourier Transform from frequency to k‖ space. While this analysis is performed
explicitly in power spectrum estimation in this work, the goal is to minimize foregrounds
to enable high fidelity imaging with minimal mode loss.
Any deviations from a perfect spatial sampling function creates spectral variation
in the (u, v, f) cube which has strong dependence on baseline length. Grid points in
the (u, v, f) cube can be occupied (or not) as a function of frequency depending on
the configuration of baselines in the array. The coherent addition of different baseline
types can lead to high sampling density in some areas of the (u, v, f) cube and low
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sampling density in areas where only a few baselines are present. For very short
baselines, the grid can be fully occupied along the frequency axis with a single baseline.
For longer baselines, where coverage is sparse, moving along the frequency axis at a
constant (u, v) coordinate will transition between areas which have sampling to those
that do not, causing signal variation along the Fourier Transform axis. Several power
spectrum analyses have shown that a (u, v) coverage with large gaps lead to significant
correlation across all k‖ modes (Beardsley et al., 2016, Jacobs et al., 2016). However,
even in situations where the (u, v) coverage is “filled,” small variations in sampling
density along the frequency axis can cause significant foreground contamination in
the wedge.
The amount of leakage observed by Imaging type power spectra estimation can be
combated by increasing the baseline sampling density throughout the (u, v, f) cube.
Developing future radio arrays to uniformly sample the (u, v) plane across all observed
frequencies would provide passive, powerful foreground mitigation.
4.2 Array Optimiation Limitations using Existing Pipelines
Foreground simulations propagated through a given instrument are the standard
method for predicting an array’s expected foreground contamination. This consists
of producing time ordered visibilities for all relevant sources (e.g. diffuse galactic
emission, point sources catalogs) and reducing these visibilities through an analysis
pipeline. These pipelines will grid the visibilities in the (u, v) plane and calculate a
power spectrum.
Properly computing and accounting for important effects which can cause fore-
ground leakage requires the full observational pipeline to be accurately modeled to
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one part in 105 or better (the scale difference of foreground emission to expected
EoR signal). As a result, even minuscule effects, like the precession of sources due to
the nutation of the Earth’s rotational axis(Morales URSI 2018), effectively mapping
the beam and modeling sources outside the main lobe (Pober et al., 2016), and
even catalog completeness and calibration technique (Barry et al., 2016) can cause
significant differences in the power spectrum.
Even some computational choices can cause unforeseen effects in the power spec-
trum. For example, it has recently been observed that the Fast Holographic Decon-
volution (FHD11; Sullivan et al. (2012)) package used in MWA analysis has increased
leakage due to clipping the beam model in (u, v) space without letting the beam go
smoothly to zero. However, letting the beam extend infinitely in the (u, v) is also
infeasible computationally and practically. Approximations intended to ease com-
putation complexity at the expense of (minimal) precision are becoming themselves
sources of foreground leakage.
Other complications arise when considering the computational cost of large scale
simulations. The computation time required to perform such simulations and analyses
can quickly become impractical. On a 24 core machine, a 127 element array arranged
like HERA (a hex dithered into three rhombus shards) observing the GLEAM all sky
catalog for a 10 minute observation over 30 MHz bandwidth simulated with PRISIM12
requires over 350 cpu-hours and 300 GB of RAM. Even simulating only the unique
baseline types, the time required scales like the number of unique baselines up to
a total of N2ants for an array with minimal redundancy. Power spectrum estimation
by FHD and the Error Propagated Power spectrum with InterLeaved Observed Noise
11github.com/EoRImaging/FHD
12github.com/nithyanandan/PRISim
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(EPPSILON13; Jacobs et al. (2016), Hazelton et al. (in prep)) computes the power
spectrum estimation from HEALPIX14 (Górski et al., 2005) images output by FHD.
This process requires multiple Discrete Fourier Transforms (DFTs) from the flat
(u, v, f) space into curved sky image15 by tracking different channels of data16. For the
simulations analyzed here, we produce no sky model or residual and therefore track
6 data channels (an observation, weights, variance each for even and odd JDs). For
large images (like those made from radio instruments able to observe the whole sky)
these DFTs can take 30+ hours each, adding additional complexity to the simulation
pipeline. This DFT time is measured directly from both FHD and EPPSILON and scales
based on the size of the sky image made and the number of HEALPIX pixels used to
store the image.
In an attempt to model the expected time for a complete simulation
tsim = tprisim + tFHD + teppsilon (4.1)
we’ll make an assumption that computations can be completed continuously without
delay17, so the speed of operations, vops, is equivalent to the cpu clock speed. The
13github.com/EoRImaging/Eppsilon
14http://healpix.sourceforge.net
15This process is not exactly a DFT, but is closely approximated by one. The actual computation
is a calculation of the correlation of the Green’s Function of Electromagnetic wave propagation
between two observation points (the antenna positions) from a wave originating at infinity. The
exact form and computation are derived in Clark (1999).
16 A power spectrum is generally formed from a splitting of even and odd Julian days mutliplied
together. Both even and odd now have one an observation, a sky model, a residual image, the (u, v)
weights and variance.
17This assumption will lead to an underestimated simulation time. The computations would
actually rely on the Duty Cycle time for a cpu as well as computation speed; however it makes our
model much simpler.
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PRISIM simulation must simulate a visibility for each combination of source (or sky
pixel on a HEALPIX map), frequency, and time for each baseline in an array. This
requires
tprisim =
Nsrc ∗Nfreqs ∗Ntimes ∗N2ants
vops
(4.2)
time to complete a simulation. Where Nsrc is the number of sources, Nfreqs is the
number of frequency channels, Ntimes is the number of time samples, Nants is the
number of antennas, and vops is the cpu clock speed.
Next assume that FHD will grid a visibility for each frequency, time and baseline
with a kernel of size NFHD pix = 100 pixels per side. This gridding is accompanied by
an DFT from the (u, v) plane onto a HEALPIX sky for each data channel mentioned
above. This computation requires
tFHD =
(
N2ants ∗Nfreqs ∗Ntimes ∗N2FHD pix
vops
+ tDFT
)
∗Nchannel (4.3)
where Nchannel is the number of data channels, Npix is the number of pixels in an FHD
(u, v) plane and tDFT is the time required for an FHD DFT.
Finally that EPPSILON only performs DFTs from the sky image into power spectrum
space
teppsilon = tDFT ∗Nchannel (4.4)
where tDFT is the time for one DFT measured before and Nchannel is the number of
DFTs required for EPPSILON (again one for each data channel). The time for these
DFTs is dependent on the choices made in FHD concerning how large of an image
to make. Assuming the same size image is produced for every simulation, this is a
constant.
Combining these approximations, a model of the expected computation time for
the simulation described above for varying number of antennas, a HEALPIX map with
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Figure 26: The expected simulation time for varying array sizes for and all sky
image of the GLEAM point source catalog observed for 10 minutes of a 30 Mhz
bandwidth centered at 150 Mhz on a machine with a cpu speed of 3250 Mhz. Both
array simulation (dashed black) and the gridding and image making (dash-dot black)
require computations scaling as N2ant. Large Nant arrays will require computations
completed by computing clusters. Over plotted are two measured simulation times for
a HERA-128 array (384 cpu-hours) and a HERA-350 (1320 cpu-hours).
NSIDE=512 sources, 308 frequency channels, and 60 time integrations is displayed in
Figure 26 on a machine with a cpu speed of 3250 MHz. The scaling for a simulation
similar to this would depend on the input source catalog and the size of the sky
image produce. For a smaller catalog, the required time will decrease significantly.
Similarly, making a smaller sky image would provide a reduction in the time required
for each DFT. The total time required quickly becomes dominated by the computations
depending on the number of baselines (N2ants) for very large arrays. These time also
assume no initialization, or I/O time which only increases the final result.
Future array design would be impeded by requiring large amounts of time and mem-
ory or supercomputer access to evaluate the potential benefits of different configuration
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for a large number of antennas. These pipeline components are all under continual
development to add new features like parallelization and optimization. However, since
the principal source of foreground leakage is the array configuration and response in
the (u, v) plane, it is worthwhile and can increase efficiency to explore metrics based
only on how an array’s aperture samples the (u, v) plane. Such metrics do not require
all simulation pipeline elements, and as a result greatly reduce the computation time
required to evaluate multiple array configurations.
4.3 Qauntifying Wedge Leakage and Instrument Chromaticity
Given the various complications to conducting full instrument simulations and the
emphasis on an array’s aperture sampling in the (u, v) plane, it is necessary to construct
a representative proxy metric. The ideal metric allows array configurations to be
ranked on their foreground performance using only basic design parameters: antenna
positions and antenna beam. The metric must also be approximately calibratable
against real simulations. Finally, the metric will likely be used in optimization loops
by future array designers so it should be not be computationally intensive.
One possible leakage metric is described in the following Section 4.3.1. This discus-
sion is accompanied by the results of some simulations of different array configurations.
Section 4.3.2 discusses how this same metric can be applied to the sampling density
of an instrument in power spectrum space.
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4.3.1 Wedge Leakage
In a theoretical array which completely and uniformly samples the electromagnetic
field, foregrounds are confined to the k‖ = 0 bin (DC bin, bandwidth limited region)
of a power spectrum estimation. Comparing the power at k‖ = 0 to the power above
k‖ = 0 can provide and estimate of the relative amount of power leaking into the
wedge. Bins where the ratio is large would indicate high power leakage, while those
with low ratios indicate bins with minimal leakage. The power above the k‖ = 0 bin
represents power from the foregrounds which has been leaked into these modes from
the addition of spectral structure. An ideal power spectrum from a spectrally smooth
foreground will have all power in the k‖ = 0 and the ratio described above would be
uniformly zero.
This section investigates the hypothesis that wedge leakage, even in densely packed
arrays, depends on the uniformity of the aperture sampling function. One such dense
array is HERA which has 14 m dishes arranged in a hexagonal face-packed lattice
shown in Figure 27. This array is highly redundant with a (u, v) response strongly
peaked at the shortest antenna spacing. A variation in this design has HERA broken
into three rhombus-shaped shard each offset along cardinal directions thus increasing
the (u, v) sampling of array, also shown in Figure 27.
The first step to testing this hypothesis is to quantify the amount of leakage
occurring in full simulations. The PRISIM package is used to simulate a 10 minute
observation of the GLEAM point source catalog over a 30 MHz bandwidth centered
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Figure 27: Two HERA-like antenna configurations used in these simulations. Both
arrays consist of 14m dishes with .6m spacing between adjacent dishes.
LEFT: The compact hexagon, referred to as Hex in this work.
RIGHT: A hexagon dithered into three distinct sub-groups. Referred to as Rhombus
in this work.
at 150 MHz. These simulations are gridded and imaged in FHD, and finally the images
are used to perform power spectrum estimation in EPPSILON18.
The 2-Dimensional, P(k‖,k⊥), power spectra from these simulations are shown in
Figure 28. Initial comparisons by eye cannot easily discern the difference between
the two spectra due to the extreme dynamic range. However, the difference is clearly
visible in the ratio of power inside and outside the bandwidth limited region. These
ratios are shown in Figure 29. Both arrays appear comparable at low k⊥, but the
Rhombus array shows noticeably less fractional power outside the bandwidth limited
region in the range 0.01 < k⊥ < 0.04 h Mpc−1. This range coincides with the area
18 The package PYUVDATA (Hazelton et al., 2017) is used to standardize output format from
PRISIM and the input of FHD
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Figure 28: The 2-Dimensional power spectra from the two HERA arrays show in
Figure 27. The solid black line indicates the horizon, the dashed black line is the 9
degree FoV of the simulated antennas. The Dashed grey line indicates the barrier
of the bandwidth limited region (k‖ = 0 bin, computed by converting 1/B into k‖
where B is the bandwidth of the simulation). Initial comparisons by eye cannot easily
discern the difference between the two spectra due to the extreme dynamic range.
where the wedge is expected to leak the most for these arrays. The sharp rise in
fractional power near k⊥ = 0.06h Mpc−1 occurs where both arrays are no longer
sensitive to sky modes (the region bounded by the maximum baseline length).
Based on these two arrays, the use of fractional power outside the k‖ = 0 bin
compared to the power inside the k‖ = 0 bin may be a successful metric to predict the
foreground contamination of an array. More simulations of varying array configurations
are necessary to fully evaluate this metric’s ability to quantify foreground leakage but
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Figure 29: The ratio of total power above k‖ = 0 to power at k‖ = 0 for the two
simulated power spectra in Figure 28. Both arrays appear comparable at low k⊥, but
the Rhombus array shows noticeably less total power outside the bandwidth limited
region in the range 0.01 < k⊥ < 0.04 h Mpc−1. This range coincides with the area
where the wedge is expected to leak the most for these arrays. The sharp rise in
fractional power near k⊥ = 0.06 h Mpc−1 occurs where both arrays are no longer
sensitive to sky modes (the region bounded by the maximum baseline length). The
gray regions indicate areas where there are no baselines sensitive to these cosmological
modes.
the remainder of this work will assume this is a representative metric of foreground
leakage.
4.3.2 Instrument Chromaticity
Given a metric which allows us to rank full-sky/instrument simulations, the next
step is to find a similar metric based only on the instrument configuration. This metric
must, as discussed early, capture the (u, v, f) variation but also be easily computable.
A natural choice is to calculate the gridded (u, v, f) weights in this space with as few
approximations as possible. The weights are the cumulative response function of an
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array to each Fourier Mode measured on the sky. The concept of this calculation is
simple, grid the electromagnetic response of each baseline on to the (u, v) plane at
each observed frequency. Fourier Transform the sampling density along the frequency
dimension, multiply by the complex conjugate and average radially in bins of constant
u2 + v2. This produces the Point Spread Function (PSF) of the instrument in power
spectrum space, or the response of the instrument in the power spectrum domain. To
accomplish this, an accurate model of the beam for each baseline (or for individual
antennas) is required. Transforming this sky plane beam into the (u, v) plane is not
without challenges as well. The beam model is pixelized, and information of the
response pattern at scales comparable to and smaller than the pixel size will be lost.
The size and shape of the pixels themselves can alter the Discrete Fourier Transform
(DFT) from the sky plane to the (u, v) plane. The advantage to pixelated maps, such
as a HEALPIX map, is the easy manipulation of beam models (rotations, masking, etc)
and well defined geometric relations for computing the DFT over the desired pointing
(e.g. only transforming the response to the sky above the horizon).
Producing a fully gridded (u.v) weight or baseline sampling density, with as few
approximations as possible, appears computationally difficult, but this difficulty arises
from the choices of computational approximations versus theoretical exactness. Ideally
this computation should be performed with as few approximations as possible, and
the treatment of the beam can prove to be the most difficult part of this limit.
Since the beam pixelization offers a choice in pixel size, it is worthwhile to
investigate the effects of the size and shape of a HEALPIX pixel by calculating the (u, v)
response of the primary beam for multiple HEALPIX pixelization. A delta function is
gridded on to the (u, v) plane at (u, v) = (5λ, 0). A DFT is performed to transform
this delta function into a sine wave on a HEALPIX map and another DFT is performed
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Figure 30: The results of gridding a delta function in the (u, v) plane, performing a
DFT to a map and back again. The resulting power in the (u, v) plane represents the
kernel of the pixel in this space.
TOP: The 2-Dimensional images of the (u, v) plane after calculating the (u, v) response
of the HEALPIX pixels for different Nside values. The sidelobes of the pixel kernels
move to larger |u| values for smaller pixels.
BOTTOM: A 1-Dimensional cut along the axis v = 0 of the HEALPIX kernel for each
Nside value. The sidelobes of the kernel roughly correspond with the average size
scale of a pixel ∼ 30λ, ∼ 60λ, ∼ 120λ for Nside = 32, 64, and 128 respectively. The
dynamic range is also improved for higher resolution maps.
on the HEALPIX map to convert the map back to the (u, v) plane. The resulting
deviation from the ideal delta function in the (u, v) plane provides information on the
kernel of a HEALPIX pixel.
The delta function and pixel kernel, along with a one dimensional slice of this
kernel, are shown in Figure 30. The approximate average size of a HEALPIX pixel
corresponds to a maximum size scale of ∼ 30, ∼ 60, and ∼ 120 wavelengths in (u, v)
space for the Nside = 32, 64, 128 respectively. This roughly corresponds to the first
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Figure 31: The gridded (u, v) weights for the Hex and Rhombus arrays at 150 MHz.
Both arrays have a response in the (u, v) plane which sharply peaked at the shortest
spacing between antennas (|u| 7λ). The Rhombus array appears slightly more smooth
near |u| = 25 λ by eye, but this does not provided a full evaluation of foreground
leakage.
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Figure 32: The gridded (u, v) weights from Figure 31 for the Hex and Rhombus
arrays along a cut at v = 0 plotted as a function of frequency and u. Over plotted
in dashed black lines are two baselines (7.3λ and 51.1λ at 150 MHz respectively).
The shorter baseline appears almost identical between to the two arrays, however the
longer baselines (where the wedge would be more prominent) appears significantly
smoother for the Rhombus array.
sidelobe of the gridded kernel. Beyond the size scale of the pixel, no information about
the beam could be accurately reconstructed.
The ability to grid and add baselines coherently is the core foundation of this
evaluation19. The gridded weights for both arrays at 150 MHz are shown in Figure 31.
Both arrays display sharp peaks at the smallest baseline length and a gradual decreas
in response towards longer baselines. After gridding the (u, v) weights over the 30 MHz
bandwidth for both simulated arrays, the spectral evolution can be evaluated. The
evolution of the weights for both arrays along the v = 0 axis in the (u, v) plane is
plotted in Figure 32. The noticeably smoother density of the Rhombus array near
u ∼ 50λ gives a visual clue that this array has a flatter, and therefor less chromatic
19 This is accomplished using the PY21CMWEDGE python package found at github.com/
mkolopanis/py21cmwedge
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Figure 33: The one dimensional cut of the (u.v) density from Figure 32 plotted against
frequency. The shorter baseline length is nearly identical between the two arrays. For
the longer baseline length, the Rhombus array displays a similar amplitude with lower
variance over the bandwidth in the simulation.
response. A 1-Dimensional slice of the weights along u = 6.6λ and u = 46.0λ for
each arrays is displayed in Figure 33. This further illustrates the reduced variation in
density exhibited by the Rhombus array compared to the Hex. The two wavelengths
u = 6.6λ and u = 46.0λ, correspond to cosmological scales k⊥ = 0.0044 h Mpc−1 and
k⊥ = 0.0310 h Mpc−1 respectively. Comparing the fractional power from Figure 29,
both arrays have similar leakage at the shorter baseline where the (u, v) density is
similar, but the Rhombus has reduced foreground leakage at the longer baseline where
the density is smoother.
This qualitative assessment comparing the general shapes helps to create an
intuitive understanding of how the baseline sampling affects wedge contamination. To
perform a quantitative comparison, the (u, v, f) weights are Fourier transformed along
the frequency axis to compute the point spread function (PSF) in power spectrum
space. This is equivalent to the power spectrum of a single 1 Jy point source observed
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Figure 34: The 2-Dimensional point spread function (PSF) in power spectrum space
for each simulated array. This is the Frequency Fast Fourier Transform (FFT) of the
(u, v) weights from Figure 31. This is equivalent to the power spectrum of a single
point source located at the zenith but quicker to calculate than using a full simulation
pipeline. All additional lines are the same as Figure 28. Vertical striations correspond
to areas where fluctuations in the (u, v) weights occur. By eye, it is difficult to tell
the difference is response between the two instruments.
at zenith but was a much simpler calculation than using a simulation pipeline. The
PSFs for both arrays is shown in Figure 34. Like the complete simulations above, the
difference between the two is difficult to perceive by eye.
Similar to the evaluation of wedge leakage in Section 4.3.1, the ratio of the total
weights inside the k‖ = 0 bin and the weights outside the k‖ = 0 bin of the simulated
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Figure 35: TOP: The ratio of total density above and below the bandwidth limited
region of the two simulated power spectra in Figure 34.
Bottom: The power ratio plot from Figure 29.
In Both: The region with high agreement between the two arrays (k⊥ <
0.005h Mpc−1) also coincides with the Fourier modes which are not probed by either
instruments. The shortest baseline for each array (7.3λ) and as such the arrays are
only sensitive to cosmological scales above k⊥ = 0.005h Mpc−1. The Rhombus array
shows noticeably less total density outside the bandwidth limited region in the range
0.005 < k⊥ < 0.04 h Mpc−1. These scales are also expected to have larger wedge
contamination. The sharp rise in fractional density near k⊥ = 0.06 h Mpc−1 occurs
where both arrays are no longer sensitive to sky modes (the region bounded by the
maximum baseline length). The similarity of the weight and power ratios provides
evidence to validate this evaluation as a proxy to determine an array’s susceptibility
to wedge leakage. As before in Figure 29, the grayed out regions indicate cosmological
scales which cannot be probed by the arrays.
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observation for each k⊥-bin can be used to evaluate the fractional response of the
power spectrum to information inside the wedge which should be confined to the
bandwidth limited bin. This ratio, along with a repeat of the wedge leakage ratio from
Figure 29, is shown in Figure 35. Below k < 0.005h Mpc−1, neither array is sensitive
to cosmological signal, this is below the scales probed by the shortest baseline length
(u = 7.3λ at 150 MHz). Both ratios exhibit similar behavior when comparing their
response as a function of k⊥. The Rhombus array has less fractional density than the
Hex above k = 0.01h Mpc−1 until the region bounded by the longest baseline length
(near k = 0.06h Mpc−1). The similarity between the responses of both the weight
and density ratios indicate the smoother (u, v) coverage of the Rhombus arrays is less
prone to foreground contamination. This supports the use of this proxy to evaluate
future array configurations for their relative power spectrum sensitivity.
The other advantage to this computation is the reduction in complexity and
calculation time. By only considering the (u, v, f) weights, this computation only
requires 1 data channel (opposed to the 6 or 10 data channels in simulations without
or with calibration against sky model respectively).
Similar to the method from Section 4.3.1, the total time required to evaluate this
proxy can be modeled by considering the total number of computations performed.
This method requires gridding a weight for each baseline, time, and frequency in
kernel computed from the size of the dish. Then a single FFT convolution with the
beam response in the (u, v) plane for each frequency. This can be modeled as
tweights =
N2ants ∗Ntimes ∗Nfreqs ∗N2kernel +Nfreqs ∗N2pix ∗ log(Npix)
vops
(4.5)
where Npix = 400 is length of one side of the (u, v) grid, Nkernel = 7 is the dish size
in wavelengths and all other values are the same as before. Like the times for both
PRISIM and FHD, this requires a calculation scaling with the number of baselines time
110
is saved in the number of calculations done by convolving the all weights with the
beam at once. This saves time compared to PRISIM since there are no sources to scale
computation time, and FHD since the beam is applied once to every weight with the
FFT instead of gridding the weights with the beam directly.
4.4 Discussion
The two metrics defined above to estimate foreground leakage in radio interfer-
ometers have provided reasonable result for the array configurations analyzed. The
similarity of the two metrics is promising, but the continued use of the proxy weight
evaluation requires additional simulations for a full and accurate calibration and
validation.
An initial correlation comparison between both statistics investigated in this work
is plotted in Figure 36. The two statistics appear by eye to have a strong correlation,
and to investigate this further I compute the Pearson correlation coefficient between
the two and estimate the uncertainty by performing a bootstrap resampling to evaluate
the underyling distribution of the correlation coefficient (Efron and Tibshirani, 1994)
for both the Hex and Rhombus configurations.
The correlation coefficients are given in Table 6. The correlations coefficients
indicate the two statistics are strongly correlated with p-values which support the
rejection of the null-hypothesis. This provides strong evidence to continue investigating
these metrics as a proxy to foreground contamination in interferometric arrays.
Simulations with different configurations of the compact Hex with varying amounts
of redundancy and unique baseline types are planned to produce more comparisons
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Figure 36: The correlation of the Power and Weight ratio statistics investigated in this
work. By eye, the two statistics appear correlated. This correlations is investigated
further by computing the Pearson correlation coefficient between for both array
configurations.
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Table 6: Power and Weight ratio correlation
Array
Pearson
Correlation
Coefficient
Uncertainty P-value
Hex 0.79 0.07 3.7x10−4
Rhombus 0.70 0.08 2.2x10−3
Correlation coefficients of the power and weight statistics
for the Hex and Rhombus array configurations analyzed in
this work. The uncertainty is calculated as the standard
deviation of the bootstrap resampling for both statistics.
The corresponding p-values provide evidence to reject the
null-hypothesis.
between the two metrics presented in this work. These arrays will include further
breaking the hex sub-structures into triangles or adding pseudo-random variations in
antenna placement to increase the number of unique baselines.
This analysis also produces questions concerning the trade off between increased
redundancy and unique baseline types present in an array. These two parameters can
effect the thermal sensitivity, foreground contamination, and efficiency of baseline
usage towards producing a foreground free equivalent of a given array design.
This analysis will be continued for multiple array configurations like those described
above and include a trade-off analysis between the foreground contamination, baseline
usage efficiency, and sensitivity in future works. The combination of these analysis
will help create the array evaluation tool to help design the future foreground free
array.
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Chapter 5
CONCLUSION
This work has presented analysis methods and techniques for probing cosmig
structure originating over a large volume of space-time. The use of the CMB as a
back-light for Faraday Rotation will provide information on the evolution of cosmic
magnetic fields and the new correlation method from this will work will help identify
FR in CMB survey for further analysis.
Next generation CMB surveys, like the CMB-S4, will enable high precision po-
larization observations with low thermal noise. These kinds of observations will be
able to place precise constraints on the total amount of FR of CMB photons. Using
cross-correlation techniques like the one outlined here will help identify different
contributions to FR. Until these thermal levels are reached, cross correlations will
enable earlier detections than available through auto-correlations or power spectrum
estimators of single maps.
The study of the cosmic dawn and Epoch of Reionization in this work produced
revised limits on the 21cm power spectrum of the EoR from the 64 element deployment
of PAPER. By tracing data with different foreground filtering techniques, it was
possible to provide comparable limits in multiple redshift ranges. This is accomplished
by selecting the foreground filtering technique better equipped to mitigate foregrounds
in each redshift.
The lessons learned in observation strategy, data analysis and power spectrum
estimation from PAPER are influencing the future of HERA, the natural successor
to paper. With its compact hexagonal design, HERA will build upon the success
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of redundant array design for high sensitivity in future 21cm observations. The
construction of outrigger dishes in later deployments will enable imaging analyses to
complement and validate the delay-based analysis based on the PAPER pipeline.
The last chapter of this work outlines a method to evaluate potential foreground
leakage in upcoming radio interferometers. By constructing the power spectrum of the
(u, v) weights, an estimate of the expected foreground leakage can be compared for
different array designs. This calculation is quicker than full-sky end to end instrument
simulations but can provide comparable information on foreground leakage. Using
this evaluation, array designs can be iterated on to optimize a future imaging array.
Constructing an array free of foreground contamination in the wedge would enable
science observations and cosmological constraints in both statistical and imaging modes.
Such an advance is necessary as 21 cm cosmology moves from early experimental
arrays into the regime of precision cosmology. To best reduce foreground leakage, an
optimized array would require uniform (u, v, f) weights along the spectral dimension
for all observed cosmological scales.
A next generation array, with suitably optimized (u, v) response should aim to
mitigate foreground leakage below the desired level for HI mapping. Complete 3-
Dimensional cubes of neutral Hydrogen would not only allow for detection of the
power spectrum of reionization but map the entire history in our Universe. Identifying
early ionized bubbles can help constrain the type of luminous bodies responsible
for the EoR and direct follow up surveys for detailed studies of these bodies. Cross
correlations of the evolution of ionized bubbles with other cosmic probes like the CMB
would help constrain the cosmological parameters which describe the Universe and
how we perceive it.
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CMB ANALYSIS TOOLS
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With the widespread analysis and understanding of the CMB, we must have a
convention for the analysis and presentation. This convention can be understood by
first considering the definition of Stokes Parameters.
An electromagnetic wave can be characterized in terms of a the time dependent
electric field strength in the plane perpendicular to the direction of propagation as:
Ex = Ex0(t) cos (ω0t+ φx)
Ey = Ey0(t) cos (ω0t+ φy)
(A.1)
Using this parametrization, the Stokes Parameters I,Q,U, and V can be constructed
by taking the following combinations:
I = 〈Ex0〉2 + 〈Ey0〉2
Q = 〈Ex0〉2 − 〈Ey0〉2
U = 2 〈Ex0Ey0〉 cos (φx − φy)
V = 2 〈Ex0Ey0〉 sin (φx − φy)
(A.2)
Where brackets represent a time averaged quantity. The parameter I represents the
intensity of the wave, or for a perfect blackbody, the temperature. Stokes parameters
Q and U represent states of linear polarization, while V is the circular component of
polarization(Kosowsky, 1999).
The intensity field (Θ), and polarized components (Q and U) of the cmb, are often
described by their scalar spherical harmonic decompositions:
Θ`m =
∫
dΩ Θ(nˆ)Y ∗`m(nˆ)
Q`m =
∫
dΩ Q(nˆ)Y ∗`m(nˆ)
U`m =
∫
dΩ U(nˆ)Y ∗`m(nˆ)
(A.3)
where nˆ describes a position on the sky, projected onto a spherical surface and a
superscript * represents the complex conjugation.
It is also convenient to define the spin 2 quantity ( Q + iU) and the spin -2
quantity ( Q− iU). Following the notation of Bunn et al. (2003), these quantities are
decomposed into spin-2 spherical harmonics:
Q+ iU =
∑
`m a2,`m 2Y`m(nˆ) (A.4)
Q− iU = ∑`m a−2,`m −2Y`m(nˆ) (A.5)
From these spin ±2 quantities, it is also possible to construct the scalar (E) and
pseudo-scalar (B) fields as a basis of polarization. These fields can be constructed
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from spin 0 spherical harmonics as:
aE,`m = −(a2,`m + a−2,`m)/2 (A.6)
aB,`m = 2i(a2,`m − a−2,`m))/2 (A.7)
These E- and B- modes are also referred to as the "electric" and "magnetic" modes
of polarization. The E-mode is a curl free field on the sphere, while the B-mode is
a curl-only field on the sphere. It is also pertinent to note that the E-modes have
a parity of (−1)`, and B-modes have a parity of (−1)`+1. In other words, under a
parity transformation (nˆ → −nˆ), E-modes remain unchanged for even multipoles
while B-modes remain unchanged for odd multipoles (Hu and White, 1997a).
A powerful tool used to characterize and analyze the CMB is the power spectrum.
This is the variance of the spherical harmonic coefficients:
〈a`ma∗`′m′〉 = δ``′δmm′C` (A.8)
The brackets above represent an ensemble average over an infinite number of inde-
pendent observations. This is, naturally, impossible to achieve when observing a
cosmologically pervasive signal. Assuming an independence of m-modes in a spherical
multipole, Equation A.8 is estimated as:
Cˆ` =
1
2`+ 1
∑`
m=−`
a`,ma
∗
`,m (A.9)
since there are only 2` +1 m-modes for each multipole, `. The limitations of estimating
a signal like the CMB can be written like a fractional uncertainty:
∆Cˆ`
Cˆ`
=
√
2
2`+ 1
(A.10)
This is referred to as cosmic variance, the inherent uncertainty in the power spectrum
of the CMB due to our limited sample size.
It is also possible to create a cross-power spectrum or cross correlation between
two spherically decomposed signals. This is achieved by replacing one of the spherical
harmonic coefficients in Equation A.9 with that from another source. If there are two
measurements of the CMB: map A with coefficients a`m and map B with coefficients
b`m the cross power spectrum is defined as:
CˆAB` =
1
2`+ 1
∑`
m=−`
Re
{
a`,mb
∗
`,m
}
(A.11)
where the superscript AB denotes the two maps from which the correlation is made.
The real part is explicitly taken since spherical harmonics are in general complex and
power must be real to be physical.
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Propagating the uncertainty of this quantity is discussed in detail in Polenta et al.
(2005). Here we present the general result for the uncertainty in a cross correlation
for two maps, A and B, each with known noise power, NA` and NB` :
∆CˆAB`
2
=
√
2
2`+ 1
{
CˆAB`,th
2 +
CˆAB`,th
2
(
NA` +N
B
`
)
+
NA` N
B
`
2
}
(A.12)
Here subscript th represents the theoretical or ideal (noiseless) correlation between
two maps.
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FARADAY ROTATION AND THE CMB
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Here we express the mathematical formalism of E-B correlation in CMB power
spectra as a result of Faraday Rotation.
Faraday Rotation results in the convolution in Fourier space of αRM and the E-
and B- mode spherical harmonics E`m, B`m.
This convolution is facilitated by Wigner-3j symbols The changes to the CMB
power spectra take the following form under the small angle approximation:
E`m = E`m,0 + δE`m (B.1)
B`m = B`m,0 + δB`m (B.2)
where E`′m′,0 and B`m,0 are the E and B-modes at the surface of last scattering. Note
that in standard cosmological models, B`m,0 → 0. Under the assumption the only
E-modes are created during the early universe, the changes in the E- and B-mode
power spectra are calculated in Gluscevic et al. (2009) as:
δBlm = 2
∑
LM
∑
l′m′ αLMEl′m′,0ζ
LM
lml′m′H
L
ll′ (B.3)
δElm = 2i
∑
LM
∑
l′m′ αLMEl′m′,0ζ
LM
lml′m′H
L
ll′ (B.4)
where ζLMlml′m′ and HLll′ are defined in terms of the Wigner 3-j symbol as:
ζLMlml′m′ ≡ (−1)m
√
(2l + 1)(2L+ 1)(2l′ + 1)
4pi
×
(
l L l′
−m M m′
)
(B.5)
and
HLll′ ≡
(
l L l′
2 0 −2
)
(B.6)
The only non-zero sum terms being those satisfying l + l′ + L = even for B-modes
and the only non-zero sum terms for E-modes are those satisfying l + l′ + L = odd.
It is possible to extend this work to include contributions where B`m,0 6= 0 or for
general Q`m and U`m. We may investigate this possibility in future research since
contributions to B-mode power from gravitational lensing, Synchrotron emission and
primordial and astrophysical gravitational waves would result in non-zero B`m,0.
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Here we provide a brief definition of terms important to reionization and the 21cm
line. For a full list of terms, and their origin refer to Furlanetto et al. (2006)
Term Definition
Aν Beam Response of two interferometric antennae
TS Spin temperature of hydrogen
TCMB Temperature of the CMB
Tb Brightness temperature
δTb Differential Brightness temperature
Tα color temperature of Lyα
kB The Boltzmann constant
δ fractional matter over density
v‖ peculiar velocity along the line of sight
tγ The Compton cooling time
σT The Thompson Scattering cross-section
fHE Fraction of Helium
δTb Differential brightness temperature
xα coupling constant of Lyα to hydrogen
xc collision coupling constant
xHI Fraction of neutral hydrogen
x¯HI Globally averaged neutral fraction
xi Fraction of ionized of hydrogen
x¯i Globally averaged ionized fraction
zr redshift of reionization
fesc escape fraction of ionizing photons
ζ ionizing efficiency parameter
Tsys system temperature of a radio telescope
Table 7: List and description of important HI intensity mapping and 21cm terms
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Figure 37: A graphical illustration of how a radio interferometer observes the sky.
Two antenna are separated by a displacement vector
−→
b called the baseline (for ease
use of bold face will be used to indicate a vector instead of the arrow). Imagine
a source located at the position on the sky denoted by the unit vector sˆ. The
radiation received from this source will have a delay between the two antennae:
cτ = b · sˆ. The voltages of the two antennae are multiplied along with a correction
for the phase difference and form complex visibilities. Image adapted from http:
//www.cv.nrao.edu/~sransom/web/Ch3.html
The use of radio interferometers has become quite common in the search for the
fluctuations of the 21cm brightness temperature from the EoR.
To briefly review how an interferometer observers the sky, consult Figure 37. Two
antennae separated by a displacement vector b will observe the radiation from a
source located at sˆ with a delay denoted by cτ = b · sˆ. Baselines are formed from each
set of antenna in an array and are generally measured in units wavelengths for each
frequency observed by the array. The components of b are referred to as (u, v, w).
Each unique baseline observes a unique Fourier mode, k, on the on the sky whose
149
characteristic size is inversely proportional to the length of the baseline b (e.g. shorter
baselines observer large spatial scales while long baselines observe small spatial scales).
This can be inferred from writing down the form of the complex visibility Vij
between antenna i and antenna j
Vij(ν) =
∫
I(Ω, ν)Ai(Ω, ν)Aj(Ω, ν)e
−2pii ν
c
b·ˆsdΩ (D.1)
where ν is the frequency of the observation, I is the inherent sky flux, Ai is the
electromagnetic response pattern of antenna i and the integral is taken over the
surface of the observed sphere Ω. This antenna response patterns are often combined
to form a single per baseline response A, both forms of this equation are identical.
While not strictly a Fourier Transform, Equation D.1 takes the form of one over
the surface of the sphere observed by a baseline. This assumption strengthens in the
flat-sky approximation where w → 0 and the observed sky area is small.
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To understand the the power spectrum of δTb, we need to develop the mathematical
background necessary for this kind of analysis. An alternate definition to the visibility
equation (Equation D.1) can be defined as follows.
Interferometric Arrays perceive the flux on the sky at the observed frequency ν, as
the visibility between two antennae which form a baseline (B = λ(uˆi0, vjˆ0, wnˆ′)):
VB(nˆ, ν) =
2kB
λ2
∫
dΩ δTb(nˆ
′, ν)Aν(nˆ, nˆ′)e2piinˆ
′·B/λ (E.1)
where Aν(nˆ, nˆ′) is the interferometric beam response of the antennae pair at a position
on the sky nˆ, whose primary beam points at nˆ′. For a drift scan telescope, nˆ′ can
be replaced by time (or Local Sidereal Time) t which describes how the Sky above a
telescope varies over the course of a night.
By defining the baseline such that the w component aligns in the direction of the
center of the sky in the beam, it is possible to redefine this component of the baseline
to a contribute solely to phase on the visibility.
Taking the Fourier transform over frequency, define the visibilities in Fourier and
delay space, we write the visibility for a given baseline ’b’: V˜b(u, η). We note the
(u, v, η) coordinate system is an interferometric Fourier space related to cosmological
Fourier space as show in Parsons et al. (2016).
The cross power spectrum of δTb between two identical baselines a and b is then:
P (k) =
(
λ2
2kB
)
X2Y
Ωa,bB
〈V˜a(k)V˜ ∗b (k)〉 (E.2)
in units of (mK)2(hMpc−1)−3. Here the ensemble average is over independent measure-
ments of the δTb (temporal, spatial, etc), the X2Y factor converts (u, v, η) to Fourier
k modes, B is the bandwidth of the array and Ωa,b is a beam-power normalization
constant.
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Since the Fourier k modes for a given baseline b, at an observed wavelength λ,
probe the spatial structure projected onto the sky-plane, Equation E.2 can be used to
compute the 1-Dimensional power spectrum when the visibilities are binned in annuli
of |k|.
It is also convenient to define the volume weighted power spectrum:
∆2(k) =
k3
2pi
P (k) (E.3)
which has units of (mK)2.
The error on these quantities has been explicitly dropped. Uncertainties in P (k)
can be estimated from the Fischer information matrix between constructed between
different Fourier k bins as discussed in Furlanetto et al. (2006) and propagated into
an uncertainty in ∆2.
For a given set of parameters, Ψ, the (i, j)th component Fischer information matrix
can be computed:
Fij = tr
[
C−1
δC
δΨi
C−1
δC
δΨj
]
(E.4)
where C is the covariance matrix which describes the covariance of the data from
thermal noise, signal variance, residual foreground and any remaining systematic
effects.
The parameter vector Ψ could contain quantities such as the binned power spectrum
estimates or even parameters in a theoretical model.
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OPTIMAL QUADRATIC ESTIMATION: A REVIEW
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Ideally the 21cm power spectrum (P21) is defined:〈
T˜b(k)T˜
?
b (k
′)
〉
= (2pi)3 δ(k− k′)P21(k) (F.1)
where brackets denote ensemble averages, T˜b(k) is the Fourier transform of the 21cm
brightness temperature and δ is the Dirac delta function. As described in A15 and
C18, the quadratic estimation of this power spectrum begins with the un-normalized
bandpowers in the α-th k-bin:
qˆα =
1
2
(R1x1)
†Qα (R2x2)
=
1
2
x1R1QαR2x2
(F.2)
the subscripts 1 and 2 denote independent sky measurements (e.g. odd and even
Julian Dates), Ri is an arbitrarily chosen weighing matrix for data vector i (C18
chooses R = (C+ αTr[C]I)−1), and Qα is a matrix operator which performs the
Fourier transform and bins the data into the α-th k-bin. Qα can formally be evaluated
as Qα ≡ δCδpα or the derivative of the covariance with respect to the true bandpower in
the k-bin.
The set of qˆα can be related to the properly normalized power spectrum estimates
by a normalization matrix20, M.
pˆ = Mqˆ (F.3)
The normalized bandpowers form our estimate of P21(k) are related to the true
power spectrum p via a windowing matrix, W.
20In Liu and Tegmark (2011) and Liu et al. (2014b) Equation F.2 is instead written as the
normalized power (pˆα) and relies on the estimation matrix Eα. We can relate the matrices Eα =
MαQα to compute the bandpowers directly.
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pˆ = Wp (F.4)
In other words, the normalized power spectrum probes a linear combination of the
true power spectrum estimates in each k-bin. To compute the normalization matrix,
M. Liu et al. (2014b) shows that:
W = MF (F.5)
where F is the Fischer information matrix and can be computed given the weighting
matrix R:
Fαβ =
1
2
[R1QαR2Qβ] (F.6)
In this analysis we employ the use of R = (C+ αTr[C]I)−1, also used in C18. We
also choosing a normalization matrix M = I and normalize the window matrix W so
that the rows sum to one (this ensures the windowing conserves the power in p).
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